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Abstract
We perform a comprehensive analysis of the homogeneous finite modular group
Γ′4 ≡ S′4 which is the double covering of S4 group. The weight 1 modular forms of
level 4 are constructed in terms of Dedekind eta function, and they transform as a
triplet 3ˆ′ of S′4. The integral weight modular forms until weight 6 are built from the
tensor products of weight 1 modular forms. We perform a systematical classification of
S′4 modular models for lepton masses and mixing with/without generalized CP, where
the left-handed leptons are assigned to triplet of S′4 and right-handed charged leptons
transform as singlets under S′4, and we consider both scenarios where the neutrino
masses arise from Weinberg operator or type I seesaw mechanism. The phenomenolog-
ical implications of the minimal models for lepton masses, mixing angles, CP violation
phases and neutrinoless double decay are discussed. The S′4 modular symmetry is
extended to quark sector, we present several predictive models which use nine or ten
free parameters including real and imaginary parts of τ to describe quark masses and
CKM mixing matrix. We give a quark-lepton unified model which can explain the
flavor structure of quarks and leptons simultaneously for a common value of τ .
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1 Introduction
The origin of fermion masses and the mixing matrices is one of the greatest challenges
for modern particle physics. Neutrino oscillation provides new clues for the understanding
of the flavor problem. It is known that neutrino mixing angles show a pattern which is
completely different than that of quark mixing: all quarks mixing angles are small, while
for the lepton sector two mixing angles θ12, θ23 are large, the third one θ13 is small and it is
comparable to the size of the quark Cabibbo mixing angle [1]. The evidence of CP violation
in neutrino oscillation is reported recently [2]. Given the successful use of symmetries in
various fields of physics, it was conceived that the flavor structure of quarks and leptons is
dictated by certain flavor symmetry, and different kinds of flavor symmetry groups (abelian,
non-abelian, continuous, discrete, global, local, linearly or non-linearly realized) have been
considered so far. In particular, it turns that the discrete non-abelian flavor symmetry is
quite suitable to reproduce the large lepton mixing angles, a huge number of models have
been constructed, see [3] for recent review. If discrete flavor symmetry is combined with
generalized CP symmetry [4, 5], one can predict leptonic CP violation phase. It is notable
that a unified description of the observed structure of the quark and lepton mixing can be
achieved if the flavor and CP symmetries are broken down to Z2 ×CP in neutrino, charged
lepton, up quark and down quark sectors, and the minimal flavor group is the dihedral group
D14 [6–9].
In any realistic model based on discrete flavor symmetry, the flavor symmetry is spon-
taneously broken by the vacuum expectation values (VEVs) of a set of scalar fields called
flavons which are standard model singlet albeit transforming non-trivially under the flavor
symmetry group. The VEVs of flavon are typically aligned along certain directions in flavor
space, and the vacuum alignment determines the flavor structure of quarks and leptons. One
has to intelligently design the flavon energy density to achieve the required vacuum alignment
as the global minimum of the scalar potential. In most models, discrete flavor symmetry
is accompanied by additional symmetries, either discrete like ZN or continuous like U(1),
to ensure the needed vacuum alignment and to reproduce the observed mass hierarchies.
Hence the flavor symmetry breaking sector introduces many independent parameters, makes
the flavor model rather complicated. Moreover, high dimensional operators compatible with
symmetry the model can lead to corrections to leading order results such the predictability
of the moded is spoiled in some sense.
Recently modular invariance as flavor symmetry has suggested to understand the neu-
trino masses and lepton flavor mixing [10]. Modular symmetry naturally appears in torus
and orbifold compactifications of string theory. In this approach, flavon fields are not ab-
solute requirement, the flavor symmetry symmetry can be uniquely broken by the VEV of
the modulus τ . Hence the vacuum alignment problem is simplified considerably although a
moduli stabilization mechanism is needed. In modular invariant models, the Yukawa cou-
plings transform nontrivially under the modular symmetry and they are just modular forms
which are holomorphic functions of τ . In the limit of exact supersymmetry, the superpote-
nial is completely fixed by modular symmetry. Furthermore, modular invariant models can
be quite predictive, typical minimal modular models describe the neutrino masses, mixing
angles and CP violating phases in terms of five free real parameters including the real and
imaginary parts of τ .
The finite modular group ΓN = SL(2, Z)/Γ(N) arising from the quotient of the SL(2, Z)
modular group by congruence subgroups Γ(N) have been utilized for the flavor symmetry of
quarks and leptons. Some models for lepton masses and flavor mixing have been constructed
at level N = 2 [11–14], level N = 3 [10–12, 15–35], level N = 4 [29, 36–42], level N =
5 [41, 43, 44] and level N = 7 [45]. The quark masses and mixing parameters can also be
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addressed by using modular symmetry [18, 21, 33, 35], and the fermion mass hierarchies can
naturally arise as a result of a weighton which is a standard model singlet field with non-zero
modular weight [34]. Modular symmetry has been discussed in the context of SU(5) grand
unification theory [13, 17]. It is notable that the dynamics of modular symmetry could be
tested at present and future neutrino oscillation experiments [46]. The modular symmetry
has been extended to consistently include generalized CP symmetry under which the complex
modulus τ transforms as τ → −τ ∗ [47–51]. The interplay between flavor symmetry, CP
symmetry and modular invariance was recently analyzed in string theory [48,52]. Extension
to the direct product of multiple modular symmetry has been proposed [38, 40]. We have
generalized the modular invariance approach to include the odd weight modular forms which
can be organized into irreducible representations of the homogeneous finite modular group
Γ′N [23]. Γ
′
N is generally the double covering of the inhomogeneous finite modular group
ΓN . Texture zeros of fermion mass matrices can be naturally obtained from Γ
′
N , the masses
and mixing of quarks and leptons can be addressed in Γ′3 ∼= T ′ [44]. The integral weight
modular forms provide new opportunity for modular symmetry model building, and Γ′3 ∼= T ′
has been studied in [23, 44]. In the present work, we shall consider the next homogeneous
finite modular group Γ′4 ≡ S ′4.
We intend to perform a systematical analysis of lepton models based on S ′4 modular
symmetry with/without generalized CP. For normal ordering neutrino masses, we find that
fifteen viable models which can describe the neutrino masses, mixing angles and CP violation
phases in terms of five real parameters |g2/g1|, arg (g2/g1), Re(τ), Im(τ), and g21v2u/Λ. After
imposing the generalized CP symmetry, the phase arg (g2/g1) is constrained to be 0 or pi, six
out of the fifteen models can produce a good fit to the data. The neutrino mass spectrum
tends to be quasi-degenerate in previous models based on inhomogeneous finite modular
group ΓN , nevertheless the neutrino masses are much lighter in these S
′
4 models. Moreover,
we extend the S ′4 modular symmetry to the quark sector. The rich structure of the modular
forms at level 4 allows many possibilities to accommodate the experimental on quark masses
and CKM matrix. After scanning the assignments for quark and lepton fields, we find a
model which can describe the flavor structure of quarks and leptons simultaneously for a
common value of τ .
The remainder of the paper is organized as follows. In section 2, we briefly review the
basic aspects of modular symmetry, we show that the inhomogeneous finite modular group
ΓN is isomorphic to the quotient of the homogeneous finite modular group Γ
′
N over the center
{I,−I}, i.e. ΓN ∼= Γ′N/{I,−I}. The integral weight modular forms at level 4 are constructed
up to weight 6 in section 3, and they are arranged into different irreducible representations
of S ′4. The generalized CP symmetry compatible with S
′
4 modular symmetry is discussed in
section 4. We find that the generalized CP symmetry requires all the coupling constants real
in our working basis. In section 5, we perform a systematical classification of S ′4 modular
models for lepton masses and mixing, where the left-handed leptons are assigned to triplet
of S ′4 and right-handed charged leptons transform as singlets under S
′
4, and the neutrino
masses are described are described by the Weinberg operator or through the type I seesaw
mechanism. The S ′4 modular symmetry is utilized to address the flavor problem of quark
masses hierarchies and CKM mixing matrix, and several models with small number of free
parameters are presented in section 6. We give a quark-lepton unification model in section 7,
which can explain the masses and mixing patterns of quark and lepton for a common value
of τ . Section 8 concludes the paper. Appendix A gives the necessary group theory of S ′4 as
well as the Clebsch-Gordan (CG) coefficients.
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2 Modular symmetry and modular forms
The modular group Γ is isomorphic to the projective special linear group PSL(2,Z) of
2× 2 matrices with integer coefficients and unit determinant,
Γ ∼= PSL(2,Z) =
{
±
(
a b
c d
)∣∣∣∣ a, b, c, d ∈ Z, ad− bc = 1} , (1)
where the pairs of matrices A and −A are identified. Hence PSL(2,Z) is the quotient of the
two-dimensional special linear group Γ ≡ SL(2,Z) over the integers by its center {I,−I},
i.e., Γ = PSL(2,Z) ∼= SL(2,Z)/{I,−I}, where I is two dimensional unit matrix. The
modular group acts on the upper-half complex plane H = {τ ∈ C|Im(τ) > 0} by fractional
linear transformations,
τ 7→ γτ = γ(τ) = aτ + b
cτ + d
, Im(τ) > 0 , (2)
which implies
I(τ) = τ ,
Im(γ(τ)) =
Imτ
|cτ + d|2 > 0 ,
(γγ′)(τ) = γ(γ′(τ)), for ∀γ, γ′ ∈ Γ . (3)
Hence every fractional linear transformation corresponds to a modular group element
(
a b
c d
)
,
and
(
a b
c d
)
and −
(
a b
c d
)
represent the same fractional linear transformation. The modular
group Γ has infinity group elements which can be obtained as a combination of the two
fundamental transformations
S(τ) = −1
τ
, T (τ) = τ + 1 , (4)
with the corresponding matrices
S =
(
0 1
−1 0
)
, T =
(
1 1
0 1
)
. (5)
We check immediately that in Γ we have the relations
S2 = (ST )3 = I , (6)
and also (TS)3 = I which is equivalent to (ST )3 = I if S2 = I. The corresponding relations
in Γ are S2 = −I, (ST 3) = I so that S4 = (ST )3 = I. The Γ orbit of every τ ∈ H has a
unique representative in the standard fundamental domain D,
D = {τ |Im(τ) > 0, |Re(τ)| < 1
2
, |τ | > 1} , (7)
which is bounded by the vertical lines Re(τ) = −1
2
, Re(τ) = 1
2
and the circle |τ | = 1 in
the upper half plane H. The transformations S and T can map any point in H into the
fundamental domain D, and no two points inside D differ by a linear fraction transformation.
The transformation T pairs the two vertical lines Re(τ) = ±1
2
, and the transformation S
maps the arc of |τ | = 1 from i to epii/3 into the arc from i to e2pii/3 .
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The principal congruence subgroup of level N is defined as
Γ(N) =
{(
a b
c d
)
∈ Γ,
(
a b
c d
)
=
(
1 0
0 1
)
(mod N)
}
,
Γ(N) =
{(
a b
c d
)
∈ Γ,
(
a b
c d
)
= ±
(
1 0
0 1
)
(mod N)
}
, (8)
which are normal subgroups of Γ and Γ respectively. Obviously we have TN ∈ Γ(N),
Γ = Γ(1), Γ = Γ(1), Γ = Γ/{±I}, Γ(2) = Γ(2)/{±I}. For N > 2, we have −1 6= 1 (mod N)
and thus I /∈ Γ(N), consequently Γ(N) = Γ(N). The finite modular group is the quotient
of modular group over its principal congruence subgroup [23,53],
inhomogeneous finite modular group : ΓN ≡ Γ/Γ(N) ,
homogeneous finite modular group : Γ′N ≡ Γ/Γ(N) .
(9)
We see Γ2 ∼= Γ′2, Γ′N is the double covering of ΓN for N > 2 and ΓN is isomorphic to the
quotient of Γ′N over its center {I,−I}, i.e., ΓN ∼= Γ′N/{I,−I} [23]. Hence Γ′N has double
the number of group elements as ΓN with |Γ′N | = 2|ΓN |. The homogeneous finite modular
group Γ′N can be obtained from ΓN by including another generator R which is related to
−I ∈ SL(2,Z) and commutes with all elements of the SL(2,Z) group. For N ≤ 5, the
multiplication rules of the finite modular groups are1 [23],
ΓN : S
2 = (ST )3 = TN = 1 ,
Γ′N : S
2 = R, (ST )3 = TN = R2 = 1, RT = TR .
(10)
It is remarkable that ΓN and Γ
′
N for N ≤ 5 is isomorphic to permutation groups and their
double covering, i.e., Γ2 = Γ
′
2
∼= S3, Γ3 ∼= A4, Γ′3 ∼= T ′, Γ4 ∼= S4, Γ4 ∼= S ′4, Γ5 ∼= A5, Γ′5 ∼= A′5.
For N > 5, additional relations besides those in Eq. (10) are needed to render the groups
ΓN and Γ
′
N finite [45,53].
The modular form f(τ) of level N and weight k is a holomorphic function on H and at
all cusps, and it is required to satisfy the following modular transformation property
f (γτ) = (cτ + d)kf(τ) for all γ =
(
a b
c d
)
∈ Γ(N) . (11)
The modular forms of level N and weight k span a linear space denoted by Mk(Γ(N)), and
the dimension formula is [54,55]
dimMk(Γ(N)) =
(k − 1)N + 6
24
N2
∏
p|N
(1− 1
p2
) , (12)
for N > 2, where the product is over the prime divisors p of N . For level N = 4, we
have dimMk(Γ(N)) = 2k + 1. As has been proved in [23], one can always find a basis of
Mk(Γ(N)) such that the weight k modular forms of level N can be decomposed into different
irreducible representations of Γ′N up to the automorphy factor (cτ+d)
k. To be more specific,
the transformation of the weight k modular form multiplet Y
(k)
r (τ) = (f1(τ), f2(τ), . . . )
T at
level N can be described by an irreducible representation ρr of Γ
′
N ,
Y (k)r (γτ) = (cτ + d)
kρr(γ)Y
(k)
r (τ) , (13)
where γ =
(
a b
c d
)
is a representative element of Γ′N . In a given representation basis of Γ
′
N ,
the modular multiplet Y
(k)
r can be fixed up to an overall irrelevant constant by applying
Eq. (13) for the generators S and T .
1The multiplication rules of Γ′N can also be written as S
4 = (ST )3 = TN = 1, S2T = TS2.
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3 Modular forms of level N = 4
Applying the general dimension formula in Eq. (12) for N = 4, we find the modular
space Mk(Γ(4)) has dimension 2k + 1. The modular space Mk(Γ(4)) has been constructed
explicitly by making use of Dedekind eta function [55],
Mk(Γ(4)) =
⊕
a+b=2k, a,b≥0
C
η2b−2a(4τ)η5a−b(2τ)
η2a(τ)
, (14)
where η(τ) is the famous Dedekind eta function defined by
η(τ) = q1/24
∞∏
n=1
(1− qn) , q = ei2piτ . (15)
The Dedekind eta function is a crucial example of a half-integral weight modular form,
having weight 1/2 and level 1. The eta function satisfies the well-known transformation
formulas [54,56,57],
η(τ)
S7−→ η(−1/τ) = √−iτ η(τ),
η(τ)
T7−→ η(τ + 1) = eipi/12η(τ) .
(16)
As shown in Eq. (14), we can choose the three linearly independent basis vectors of the
weight 1 modular space of level 4 as
e1(τ) =
η4(4τ)
η2(2τ)
, e2(τ) =
η10(2τ)
η4(4τ)η4(τ)
, e3(τ) =
η4(2τ)
η2(2τ)
. (17)
The q−expansion of e1(τ), e2(τ), e3(τ) reads:
e1(τ) =
√
q
(
1 + 2q2 + q4 + 2q6 + 2q8 + 3q12 + 2q14 + 2q18 + 2q20 + . . .
)
,
e2(τ) = 1 + 4q + 4q
2 + 4q4 + 8q5 + 4q8 + 4q9 + 8q10 + 8q13 + 4q16 + . . . ,
e3(τ) = q
1/4
(
1 + 2q + q2 + 2q3 + 2q4 + 3q6 + 2q7 + 2q9 + 2q10 + . . .
)
. (18)
From the identities of the eta function in Eq. (16), we know that e1,2,3(τ) transform under
the actions of S and T as follow,
e1(τ)
T7−→ −e1(τ), e2(τ) T7−→ e2, e3(τ) T7−→ ie3 .
e1(τ)
S7−→ 1
8
(−iτ)(4e1 + e2 − 4e3),
e2(τ)
S7−→ 1
8
(−iτ)(16e1 + 4e2 + 16e3),
e3(τ)
S7−→ 1
8
(−iτ)(−8e1 + 2e2) . (19)
As shown in Eq. (13), it is always possible to choose a set of basis in Mk(Γ(4)) such that the
basis vectors can be arranged into several modular multiplets which transform in irreducible
representations of Γ′4 ≡ S ′4. Thus for the weight 1 modular forms of level 4, solving the
condition of Eq. (13), we find the original basis e1,2,3(τ) can be arranged into triplet modular
form Y
(1)
3ˆ′ transforming as a triplet 3ˆ
′ of S ′4,
Y
(1)
3ˆ′ (τ) ≡
Y1(τ)Y2(τ)
Y3(τ)
 , (20)
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where Y1,2,3(τ) are linear combinations of e1,2,3(τ) as follows
Y1(τ) = 4
√
2 e1(τ) +
√
2 ie2(τ) + 2
√
2(1− i)e3(τ),
Y2(τ) = −2
√
2(1 +
√
3)ω2e1(τ)− 1−
√
3√
2
iω2e2(τ) + 2
√
2(1− i)ω2e3(τ),
Y3(τ) = 2
√
2(
√
3− 1)ωe1(τ)− 1 +
√
3√
2
iωe2(τ) + 2
√
2(1− i)ωe3(τ). (21)
It is straightforward to check that Y
(1)
3ˆ′ (τ) transforms under S and T as
Y
(1)
3ˆ′ (−1/τ) = −τρ3ˆ′(S)Y
(1)
3ˆ′ (τ), Y
(1)
3ˆ′ (τ + 1) = ρ3ˆ′(T )Y
(1)
3ˆ′ (τ) , (22)
where the representation matrices ρ3ˆ′(S) and ρ3ˆ′(T ) in our working basis are summarized
in table 7. From the expansion formulas of e1,2,3 in Eq. (18), we know the q−expansion of
Y1,2,3:
Y1(τ) =
√
2 i+ 2
√
2(1− i)q1/4 + 4
√
2q1/2 + 4
√
2 iq + 4
√
2(1− i)q5/4 + 4
√
2 iq2
+2
√
2(1− i)q9/4 + 8
√
2q5/2 + 4
√
2(1− i)q13/4 + 4
√
2 iq4 + . . . ,
Y2(τ) + Y3(τ) =
3 + i√
2
− 2
√
2(1− i)q1/4 + 2
√
2(1 + 3i)q1/2 + 2
√
2 (3 + i)q − 4
√
2(1− i)q5/4
+2
√
2(3 + i)q2 − 2
√
2(1− i)q9/4 + 4
√
2(1 + 3i)q5/2 − 4
√
2(1− i)q13/4
+2
√
2(3 + i)q4 + . . . ,
Y2(τ)− Y3(τ) = −
√
3
2
(1 + i)
[
1 + 4q1/4 − 4q1/2 + 4q + 8q5/4 + 4q2 + 4q9/4 − 8q5/2
+8q13/4 + 4q4 + . . .
]
. (23)
From the expressions of q− expansion, we see that the modular forms Y1,2,3 satisfy the
following constraint, (
Y
(1)
3ˆ′ Y
(1)
3ˆ′
)
1′
= Y 21 + 2Y2Y3 = 0 . (24)
The higher weight modular forms can be constructed from the tensor products of lower
weight modular forms with the help of the CG coefficients of S ′4 in Appendix A, and they
are homogeneous polynomials of Y1,2,3. Using the contraction rules for 3ˆ
′⊗3ˆ′ → 1′⊕2⊕3⊕3′,
we find that the weight 2 modular forms of level 4 decompose 2⊕ 3 under S ′4
Y
(2)
2 =
(
Y
(1)
3ˆ′ Y
(1)
3ˆ′
)
2
=
(−Y 22 − 2Y1Y3
Y 23 + 2Y1Y2
)
,
Y
(2)
3 =
(
Y
(1)
3ˆ′ Y
(1)
3ˆ′
)
3
=
2Y 21 − 2Y2Y32Y 23 − 2Y1Y2
2Y 22 − 2Y1Y3
 . (25)
Note
(
Y
(1)
3ˆ′ Y
(1)
3ˆ′
)
3′
= (0, 0, 0)T which arises from the antisymmetric CG coefficients. Like-
wise, the weight 3 modular forms can be obtained from the tensor products of Y
(1)
3ˆ′ with Y
(2)
2
and Y
(2)
3 , and they are arranged into a singlet 1ˆ
′ and two triplets 3ˆ and 3ˆ′ under S ′4,
Y
(3)
1ˆ′ =
(
Y
(2)
3 Y
(1)
3ˆ′
)
1ˆ′
= 2(Y 31 + Y
3
2 + Y
3
3 − 3Y1Y2Y3),
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Y
(3)
3ˆ
=
(
Y
(2)
3 Y
(1)
3ˆ′
)
3ˆ
=
2(2Y 31 − Y 32 − Y 33 )6Y3(Y 22 − Y1Y3)
6Y2(Y
2
3 − Y1Y2)
 ,
Y
(3)
3ˆ′ =
(
Y
(2)
3 Y
(1)
3ˆ′
)
3ˆ′
=
 2(Y 32 − Y 33 )2(−2Y 21 Y2 + Y 22 Y3 + Y1Y 23 )
2(2Y 21 Y3 − Y1Y 22 − Y2Y 23 )
 . (26)
We have three additional contractions between weight 1 and 2 modular forms, nevertheless
they are not independent from Y
(3)
1ˆ′ , Y
(3)
3ˆ
and Y
(3)
3ˆ′ ,(
Y
(2)
3 Y
(1)
3ˆ′
)
2ˆ
=
(
0
0
)
, (27a)
(
Y
(2)
2 Y
(1)
3ˆ′
)
3ˆ′
=
 −Y 32 + Y 332Y 21 Y2 − Y 22 Y3 − Y1Y 23 )
−2Y 21 Y3 + Y1Y 22 + Y2Y 23
 = −1
2
Y
(3)
3ˆ′ , (27b)
(
Y
(2)
2 Y
(1)
3ˆ′
)
3ˆ
=
 Y 32 + Y 33 + 4Y1Y2Y32Y 21 Y2 + Y 22 Y3 + 3Y1Y 23
3Y1Y
2
2 + 2Y
2
1 Y3 + Y2Y
2
3
 = −1
2
Y
(3)
3ˆ
. (27c)
The last relation follows from the constraint in Eq. (24). In a similar manner, we can find
out the linearly independent modular forms of higher weights and corresponding constraints.
In the following, we present the explicit forms of the modular forms. The weight 4 modular
space has dimension 2 × 4 + 1 = 9, they arrange into the irreducible presentations 1, 2, 3
and 3′ of S ′4,
Y
(4)
1 =
(
Y
(3)
3ˆ
Y
(1)
3ˆ′
)
1
= 4(Y 41 − 2Y1(Y 32 + Y 33 ) + 3Y 22 Y 23 ),
Y
(4)
2 =
(
Y
(3)
3ˆ
Y
(1)
3ˆ′
)
2
=
(−2Y 43 + 4Y 31 Y3 + 4Y 32 Y3 − 6Y 21 Y 22
−2Y 42 + 4Y 31 Y2 + 4Y2Y 33 − 6Y 21 Y 23
)
,
Y
(4)
3 =
(
Y
(3)
3ˆ
Y
(1)
3ˆ′
)
3
=
 6Y1(−Y 32 + Y 33 )6Y1Y3(Y 22 − Y1Y3) + 2Y2(−2Y 31 + Y 32 + Y 33 )
6Y1Y2(Y1Y2 − Y 23 )− 2Y3(−2Y 31 + Y 32 + Y 33 )
 ,
Y
(4)
3′ =
(
Y
(3)
3ˆ
Y
(1)
3ˆ′
)
3′
=
 2(4Y 41 − 6Y 22 Y 23 + Y1(Y 32 + Y 33 ))2(Y 42 − 2Y 31 Y2 + 7Y2Y 33 + 3Y 21 Y 23 − 9Y1Y 22 Y3)
2(Y 43 − 2Y 31 Y3 + 7Y 32 Y3 + 3Y 21 Y 22 − 9Y1Y2Y 23 )
 . (28)
The weight 5 modular forms of level 4 decompose as 2ˆ⊕ 3ˆ⊕ 3ˆ′ ⊕ 3ˆ′ under S ′4, and they are
given by
Y
(5)
2ˆ
=
(
Y
(4)
3′ Y
(1)
3ˆ′
)
2ˆ
=
(
2(Y 52 + 2Y
4
1 Y3 + 2Y1Y
4
3 + Y
2
2 Y
3
3 + Y
3
1 Y
2
2 − Y1Y 32 Y3 − 6Y 21 Y2Y 23 )
2(Y 53 + 2Y
4
1 Y2 + 2Y1Y
4
2 + Y
3
1 Y
2
3 + Y
3
2 Y
2
3 − Y1Y2Y 33 − 6Y 21 Y 22 Y3)
)
,
Y
(5)
3ˆ
=
(
Y
(4)
3 Y
(1)
3ˆ′
)
3ˆ
=
 18Y 21 (−Y 32 + Y 33 )4Y 41 Y2 + 4Y1(Y 42 − 5Y2Y 33 ) + 14Y 31 Y 23 − 4Y 23 (Y 32 + Y 33 ) + 6Y 21 Y 22 Y3
−4Y 41 Y3 − 4Y1(Y 43 − 5Y 32 Y3)− 14Y 31 Y 22 + 4Y 22 (Y 32 + Y 33 )− 6Y 21 Y2Y 23
 ,
Y
(5)
3ˆ′,I =
(
Y
(4)
2 Y
(1)
3ˆ′
)
3ˆ′
=
 8Y 31 Y2Y3 − 6Y 21 (Y 32 + Y 33 ) + 2Y2Y3(Y 32 + Y 33 )4Y 41 Y2 − 2Y1Y 42 − 6Y 21 Y 22 Y3 − 2Y 31 Y 23 + 4Y 32 Y 23 + 4Y1Y2Y 33 − 2Y 53
−2(Y 31 Y 22 + Y 52 − 2Y 41 Y3 + 3Y 21 Y2Y 23 − 2Y 22 Y 33 + Y1(−2Y 32 Y3 + Y 43 ))
 ,
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Y
(5)
3ˆ′,II =
(
Y
(4)
1 Y
(1)
3ˆ′
)
3ˆ′
=
4Y1(Y 41 + 3Y 22 Y 23 − 2Y1(Y 32 + Y 33 ))4Y2(Y 41 + 3Y 22 Y 23 − 2Y1(Y 32 + Y 33 ))
4Y3(Y
4
1 + 3Y
2
2 Y
2
3 − 2Y1(Y 32 + Y 33 ))
 , (29)
where Y
(5)
3ˆ′,I and Y
(5)
3ˆ′,II denote two weight 5 modular forms transforming as triplet 3ˆ
′ of S ′4,
and they can also taken to be any two linearly independent combinations of Y
(5)
3ˆ′,I and Y
(5)
3ˆ′,II .
Finally there are 13 independent weight 6 modular forms of level 5, and they can be arranged
into the following irreducible representations of S ′4,
Y
(6)
1′ =
(
Y
(5)
3ˆ′,IY
(1)
3ˆ′
)
1′
= −2(Y 62 + Y 63 − 8Y 41 Y2Y3 + 6Y 21 Y 22 Y 23 − 4Y 32 Y 33 + 4Y 31 (Y 32 + Y 33 )− 2Y1Y2Y3(Y 32 + Y 33 )) ,
Y
(6)
1 =
(
Y
(5)
3ˆ
Y
(1)
3ˆ′
)
1
= 4(Y 32 − Y 33 )(−8Y 31 + Y 32 + Y 33 + 6Y1Y2Y3) ,
Y
(6)
2 =
(
Y
(5)
3ˆ′,IIY
(1)
3ˆ′
)
2
=
(−4(Y 22 + 2Y1Y3)(Y 41 + 3Y 22 Y 23 − 2Y1(Y 32 + Y 33 ))
4(Y 23 + 2Y1Y2)(Y
4
1 + 3Y
2
2 Y
2
3 − 2Y1(Y 32 + Y 33 ))
)
,
Y
(6)
3,I =
(
Y
(5)
3ˆ′,IY
(1)
3ˆ′
)
3
=
 2(Y 62 + Y 63 + 4Y 41 Y2Y3 + 6Y 21 Y 22 Y 23 − 4Y 32 Y 33 − 5Y 31 (Y 32 + Y 33 ) + Y1Y2Y3(Y 32 + Y 33 ))−2(2Y 51 Y2 − 5Y 41 Y 23 + 3Y 31 Y 22 Y3 + 3Y 22 Y3(Y 32 − Y 33 ) + Y 21 (5Y2Y 33 − 4Y 42 ) + Y1(Y 53 − 2Y 32 Y 23 ))
−2(2Y 51 Y3 − 5Y 41 Y 22 + 3Y 31 Y2Y 23 + 3Y2Y 23 (Y 33 − Y 32 ) + Y1(Y 52 − 2Y 22 Y 33 ) + Y 21 (5Y 32 Y3 − 4Y 43 ))
 ,
Y
(6)
3,II =
(
Y
(5)
3ˆ′,IIY
(1)
3ˆ′
)
3
=
8(Y 21 − Y2Y3)(Y 41 − 2Y1(Y 32 + Y 33 ) + 3Y 22 Y 23 )8(Y 23 − Y1Y2)(Y 41 − 2Y1(Y 32 + Y 33 ) + 3Y 22 Y 23 )
8(Y 22 − Y1Y3)(Y 41 − 2Y1(Y 32 + Y 33 ) + 3Y 22 Y 23 )
 ,
Y
(6)
3′ =
(
Y
(5)
3ˆ′,IY
(1)
3ˆ′
)
3′
=
 −2(Y 32 − Y 33 )(Y 31 + Y 32 + Y 33 − 3Y1Y2Y3)2(2Y 51 Y2 − 7Y 31 Y 22 Y3 − Y 41 Y 23 − Y 22 Y3(Y 32 + Y 33 ) + Y 21 (2Y 42 + 5Y2Y 33 ) + Y1(2Y 32 Y 23 − Y 53 ))
2(Y 41 Y
2
2 + 7Y
3
1 Y2Y
2
3 − 2Y 51 Y3 + Y2Y 23 (Y 32 + Y 33 )− Y 21 (5Y 32 Y3 + 2Y 43 ) + Y1(Y 52 − 2Y 22 Y 33 ))
 . (30)
We note that the results of even weight modular forms obtained here coincide with those of
our previous work [29] up to some overall constants. Specifically the following relations are
fulfilled:
Y
(2)
2 =
3
2
(3i+
√
3)Y˜
(2)
2 , Y
(2)
3 = (3− 3i
√
3)Y˜
(2)
3 , Y
(4)
1 = −27e3pii/4(i+
√
3)Y˜
(4)
1 ,
Y
(4)
2 = 27e
3pii/4(i+
√
3)Y˜
(4)
2 , Y
(4)
3 = 18
√
3epii/4Y˜
(4)
3 , Y
(4)
3′ = 18
√
3epii/4Y˜
(4)
3′ ,
Y
(6)
1 = −162
√
6(1 + i)Y˜
(6)
1 , Y
(6)
1′ = −81
√
6(1 + i)Y˜
(6)
1′ , Y
(6)
2 = 81
√
6(1 + i)Y˜
(6)
2 ,
Y
(6)
3,I = −162e7pii/12Y˜ (6)3,II , Y (6)3,II = −324e7pii/12Y˜ (6)3,I , Y (6)3′ = −162e7pii/12Y˜ (6)3′ , (31)
where the modular forms in [29] are denoted with a symbol “˜ ”. The modular forms of
level 4 up to weight 6 are summarized in table 1. We notice that all the odd weight modular
forms are in hatted irreducible representations of S ′4 while the even weight modular forms
are in unhatted irreducible representations of S ′4. Note that generator R is represented by
unit matrix and the S ′4 group can not be distinguished from S4 in unhatted irreducible
representations. For notation simplicity of model construction in the following, we denote
the components of modular multiplets as follows,
Y
(2)
2 ≡
(
Y
(2)
1
Y
(2)
2
)
, Y
(2)
3 ≡
Y
(2)
3
Y
(2)
4
Y
(2)
5
 , Y (3)1ˆ′ ≡ Y (3)1 , Y (3)3ˆ ≡
Y
(3)
2
Y
(3)
3
Y
(3)
4
 , Y (3)3ˆ′ ≡
Y
(3)
5
Y
(3)
6
Y
(3)
7
 ,
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Modular weight k Modular forms Y
(k)
r
k = 1 Y
(1)
3ˆ′
k = 2 Y
(2)
2 , Y
(2)
3
k = 3 Y
(3)
1ˆ′
, Y
(3)
3ˆ
, Y
(3)
3ˆ′
k = 4 Y
(4)
1 , Y
(4)
2 , Y
(4)
3 , Y
(4)
3′
k = 5 Y
(5)
2ˆ
, Y
(5)
3ˆ
, Y
(5)
3ˆ′,I , Y
(5)
3ˆ′,II
k = 6 Y
(6)
1′ , Y
(6)
1 , Y
(6)
2 , Y
(6)
3,I , Y
(6)
3,II , Y
(6)
3′
Table 1: Summary of modular forms of level N = 4 up to weight 6, the subscript r denote the transformation
property under homogeneous finite modular group S′4.
Y
(4)
1 ≡ Y (4)1 , Y (4)2 ≡
(
Y
(4)
2
Y
(4)
3
)
, Y
(4)
3 ≡
Y
(4)
4
Y
(4)
5
Y
(4)
6
 , Y (4)3′ ≡
Y
(4)
7
Y
(4)
8
Y
(4)
9
 ,
Y
(5)
2ˆ
≡
(
Y
(5)
1
Y
(4)
2
)
, Y
(5)
3ˆ
≡
Y
(5)
3
Y
(5)
4
Y
(5)
5
 , Y (5)3ˆ′,I ≡
Y
(5)
6
Y
(5)
7
Y
(5)
8
 , Y (5)3ˆ′,II ≡
Y
(5)
9
Y
(5)
10
Y
(5)
11
 ,
Y
(6)
1′ ≡ Y (6)1 , Y (6)1 ≡ Y (6)2 , Y (6)2 ≡
(
Y
(6)
3
Y
(6)
4
)
, Y
(6)
3,I ≡
Y
(6)
5
Y
(6)
6
Y
(6)
7
 , Y (6)3,II ≡
Y
(6)
8
Y
(6)
9
Y
(6)
10
 ,
Y
(6)
3′ ≡
Y
(6)
11
Y
(6)
12
Y
(6)
13
 , (32)
4 Generalized CP consistent with S ′4 modular symme-
try
In order to consistently implement CP symmetry in the context of modular symmetry,
the complex modulus τ should transform under the action CP as [47–51]
τ
CP7−→ −τ ∗ , (33)
up to modular transformations. A generic chiral superfield Φ(x) assigned to an irreducible
representation r of the finite modular group Γ′N transforms under the action of Γ
′
N as
Φ(x)
γ7−→ (cτ + d)−kρr(γ)Φ(x), γ =
(
a b
c d
)
∈ Γ , (34)
where −k is the modular weight of Φ. We impose CP symmetry on the modular invariant
theory. A generalized CP transformation acts on the chiral superfield Φ(x) as
Φ(x)
CP7−→ XrΦ(Px) , (35)
where Px = (t,−~x), and a bar denotes the hermitian conjugate superfield, Xr is not neces-
sarily diagonal and it in general acts in a non-trivial way on the flavor space. As has been
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shown in [47], constraints on the choice of Xr arise from the requirement that the sub-
sequent application of the CP transformation, the modular symmetry and the inverse CP
transformation should be represented by another element of the modular symmetry group,
i.e.
Xrρ
∗
r(γ)X
−1
r = ρr(u(γ)) , (36)
where u(γ) is an outer automorphism of the modular group,
γ =
(
a b
c d
)
7−→ u(γ) =
(
a −b
−c d
)
. (37)
Eq. (36) is the so-called consistency condition which CP and modular symmetries have to
obey in order to give a consistent definition of generalized CP transformations in setting
with modular symmetry. It is notable that the consistency condition Eq. (36) should be
satisfied for all irreducible representations of the finite modular group Γ′N . We see that the
CP transformation Xr maps the modular group element γ onto another element u(γ) and
the group structure of the modular symmetry is preserved, i.e. u(γ1γ2) = u(γ1)u(γ2). Hence
it is sufficient to impose Eq. (36) on the generators S and T ,
Xrρ
∗
r(S)X
−1
r = ρ
†
r(S), Xrρ
∗
r(T )X
−1
r = ρ
†
r(T ) , (38)
where the identities u(S) = S−1 and u(T ) = T−1 are used. The consistency condition in
Eq. (36) determines the CP transformation Xr up to an overall phase for a given irreducible
representation r. As regards the double covering group S ′4 with the basis given in table 7,
solving the consistency conditions of Eq. (38), we find that the generalized CP transformation
Xr coincides with the representation matrix of S,
Xr = ρr(S) , (39)
which is a combination of the modular symmetry transformation S and the canonical CP
transformation. Furthermore, we have checked that the modular forms Y
(k)
r (τ) of section ??
transforms in the same way as Φ(x) under CP:
Y (k)r (τ)
CP7−→ Y (k)r (−τ ∗) = Xr[Y (k)r (τ)]∗, with Xr = ρr(S) . (40)
Since the theory is required to be modular invariant, the CP transformation in Eq. (39) is
essentially equivalent to the canonical CP transformation. As shown in Appendix A, all the
CG coefficients in our working basis are real, therefore the generalized CP symmetry would
constrain all the couplings in the Lagrangian to be real.
5 Lepton models based on S ′4 modular symmetry
We work in the framework of the modular invariant supersymmetric theory [10, 58, 59].
In the setting of N = 1 global supersymmetry, the action can be generally written as
S =
w
d4xd2θd2θ¯K(ΦI , Φ¯I , τ, τ¯) +
[w
d4xd2θW(ΦI , τ) + h.c.
]
, (41)
where K(ΦI , Φ¯I , τ, τ¯) is Ka¨hler potential, it is real gauge invariant function of the chiral
superfields Φ and their hermitian conjugates Φ¯. W (ΦI , τ) refers to the superpotential, and
it is a holomorphic gauge invariant function of the chiral superfields Φ. The whole action
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S should be modular invariant. The transformation properties of ΦI are specified by its
modular weight −kI and the representation rI under Γ′N ,
τ → γτ = aτ + b
cτ + d
, ΦI → (cτ + d)−kIρrI (γ)ΦI . (42)
Following Ref. [10], we take the Ka¨hler potential to be the minimal form,
K(ΦI , Φ¯I , τ, τ¯) = −hΛ2 log(−iτ + iτ¯) +
∑
I
(−iτ + iτ¯)−kI |ΦI |2 , (43)
where h is a positive constant. After the modulus τ gets a vacuum expectation, this Ka¨hler
potential gives the kinetic terms for the scalar components of the supermultiplet ΦI and the
modulus field τ . The Ka¨hler potential is strongly constrained in some models based on string
theory [60–62], and the above minimal Ka¨hler potential as the leading order contribution
could possibly be achieved. The superpotential W can be expanded into power series of
supermultiplets ΦI
W(ΦI , τ) =
∑
n
YI1...In(τ)ΦI1 ...ΦIn . (44)
Modular invariance requires the function YI1...In(τ) should be a modular form of weight kY
of level N and in the representation rY of Γ
′
N :
Y (τ)→ Y (γτ) = (cτ + d)kY ρrY (γ)Y (τ) , (45)
where kY and rY should satisfy the conditions
kY = k1 + ...+ kn, ρrY ⊗ ρrI1 ⊗ . . .⊗ ρrIn 3 1 . (46)
In the present work, we shall study the modular symmetry group of level N = 4, and a
comprehensive analysis of lepton models with S ′4 modular symmetry is performed in the
following. Without mentioning explicitly, we shall consider the cases involving weight 1,
weight 2 and weight 3 modular forms. The cases with higher weight modular forms can be
discussed in the same fashion.
5.1 Charged lepton sector
The left-handed lepton doublet fields are assigned to transforms as triplet 3, 3′, 3ˆ, 3ˆ′ of
S ′4, and we assume the right-handed charged leptons transforms as singlet 1, 1
′, 1ˆ or 1ˆ′ of
Γ′4. Thus the most general superpotential for the charged lepton masses can be written as :
We = α(Ec1LfE1(Y ))1Hd + β(Ec2LfE2(Y ))1Hd + γ(Ec3LfE3(Y ))1Hd . (47)
The modular forms fE1(Y ), fE2(Y ) and fE3(Y ) should transform as three dimensional irre-
ducible representations under S ′4, and their explicit forms depend on the weight and repre-
sentation assignments for L and Ec1,2,3. In order to charged lepton mass matrix with rank
less than three otherwise at least one charged lepton would be massless, fE1(Y ), fE2(Y )
and fE3(Y ) must be different modular multiplets. For illustration, we consider modular
forms of weight less than four, consequently fE1(Y ), fE2(Y ), fE3(Y ) can only be Y
(1)
3ˆ′ , Y
(2)
3 ,
Y
(3)
3ˆ
and Y
(3)
3ˆ′ . It is remarkable that the CG coefficients for the contraction triplet⊗
triplet→singlet are all the same in our basis. As a consequence, there are only four
different structures of charged lepton mass matrix if the weights of the relevant modular
forms are less than four.
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(i) fE1(Y ) = Y
(1)
3ˆ′ , fE2(Y ) = Y
(2)
3 , fE3(Y ) = Y
(3)
3ˆ
In this case, there are four different representation assignments which give rise to the
same charged lepton mass matrix:
ρL = 3, ρEc1 = 1ˆ, ρEc2 = 1, ρEc3 = 1ˆ
′ ,
ρL = 3
′, ρEc1 = 1ˆ
′, ρEc2 = 1
′, ρEc3 = 1ˆ ,
ρL = 3ˆ, ρEc1 = 1, ρEc2 = 1ˆ
′, ρEc3 = 1
′ ,
ρL = 3ˆ
′, ρEc1 = 1
′, ρEc2 = 1ˆ, ρEc3 = 1 .
(48)
The superpotential for the charged lepton masses are given by,
We = α(Ec1LY (1)3ˆ′ )1Hd + β(Ec2LY
(2)
3 )1Hd + γ(E
c
3LY
(3)
3ˆ
)1Hd
= αEc1(L1Y1 + L3Y2 + L2Y3)Hd + βE
c
2(L1Y
(2)
3 + L3Y
(2)
4 + L2Y
(2)
5 )Hd
+ γEc3(L1Y
(3)
2 + L3Y
(3)
3 + L2Y
(3)
4 )Hd . (49)
The condition of modular weight cancellation requires
kE1 = kE2 − 1 = kE3 − 2 = 1− kL . (50)
(ii) fE1(Y ) = Y
(1)
3ˆ′ , fE2(Y ) = Y
(2)
3 , fE3(Y ) = Y
(3)
3ˆ′
There are also four representation assignments for the lepton fields,
ρL = 3, ρEc1 = 1ˆ, ρEc2 = 1, ρEc3 = 1ˆ ,
ρL = 3
′, ρEc1 = 1ˆ
′, ρEc2 = 1
′, ρEc3 = 1ˆ
′ ,
ρL = 3ˆ, ρEc1 = 1, ρEc2 = 1ˆ
′, ρEc3 = 1 ,
ρL = 3ˆ
′, ρEc1 = 1
′, ρEc2 = 1ˆ, ρEc3 = 1
′ .
(51)
The superpotential for the charged lepton masses takes the following form,
We = α(Ec1LY (1)3ˆ′ )1Hd + β(Ec2LY
(2)
3 )1Hd + γ(E
c
3LY
(3)
3ˆ′ )1Hd
= αEc1(L1Y1 + L3Y2 + L2Y3)Hd + βE
c
2(L1Y
(2)
3 + L3Y
(2)
4 + L2Y
(2)
5 )Hd
+ γEc3(L1Y
(3)
5 + L3Y
(3)
6 + L2Y
(3)
7 )Hd . (52)
Modular invariance imposes the following constraints on modular weights,
kE1 = kE2 − 1 = kE3 − 2 = 1− kL . (53)
(iii) fE1(Y ) = Y
(1)
3ˆ′ , fE2(Y ) = Y
(3)
3ˆ′ , fE3(Y ) = Y
(3)
3ˆ
Similar to previous cases, the lepton fields can be assigned to
ρL = 3, ρEc1 = 1ˆ, ρEc2 = 1ˆ, ρEc3 = 1ˆ
′ ,
ρL = 3
′, ρEc1 = 1ˆ
′, ρEc2 = 1ˆ
′, ρEc3 = 1ˆ ,
ρL = 3ˆ, ρEc1 = 1, ρEc2 = 1, ρEc3 = 1
′ ,
ρL = 3ˆ
′, ρEc1 = 1
′, ρEc2 = 1
′, ρEc3 = 1 .
(54)
The superpotential for the charged lepton masses is of the form,
We = α(Ec1LY (1)3ˆ′ )1Hd + β(Ec2LY
(3)
3ˆ′ )1Hd + γ(E
c
3LY
(3)
3ˆ
)1Hd
= αEc1(L1Y1 + L3Y2 + L2Y3)Hd + βE
c
2(L1Y
(3)
5 + L3Y
(3)
6 + L2Y
(3)
7 )Hd
+ γEc3(L1Y
(3)
2 + L3Y
(3)
3 + L2Y
(3)
4 )Hd , (55)
with the modular weights
kE1 = kE2 − 2 = kE3 − 2 = 1− kL . (56)
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(iv) fE1(Y ) = Y
(3)
3ˆ′ , fE2(Y ) = Y
(2)
3 , fE3(Y ) = Y
(3)
3ˆ
Likewise, we have four different representation assignments which gives the same super-
potential We as well as the the same charged lepton mass matrix,
ρL = 3, ρEc1 = 1ˆ, ρEc2 = 1, ρEc3 = 1ˆ
′ ,
ρL = 3
′, ρEc1 = 1ˆ
′, ρEc2 = 1
′, ρEc3 = 1ˆ ,
ρL = 3ˆ, ρEc1 = 1, ρEc2 = 1ˆ
′, ρEc3 = 1
′ ,
ρL = 3ˆ
′, ρEc1 = 1
′, ρEc2 = 1ˆ, ρEc3 = 1 .
(57)
The superpotential for the charged lepton masses reads as,
We = α(Ec1LY (3)3ˆ′ )1Hd + β(Ec2LY
(2)
3 )1Hd + γ(E
c
3LY
(3)
3ˆ
)1Hd
= αEc1(L1Y
(3)
5 + L3Y
(3)
6 + L2Y
(3)
7 )Hd + βE
c
2(L1Y
(2)
3 + L3Y
(2)
4 + L2Y
(2)
5 )Hd
+ γEc3(L1Y
(3)
2 + L3Y
(3)
3 + L2Y
(3)
4 )Hd . (58)
The modular weights kL and kE1,E2,E3 satisfy the constraints
kE1 − 1 = kE2 = kE3 − 1 = 2− kL . (59)
It is straightforward to read out the predicted charged lepton mass matrix for each case
discussed above, and results are summarized in table 2. We can exchange the assignments for
the right-handed charged lepton fields Ec1,2,3, accordingly the rows of the charged lepton mass
matrix would be permutated. However, the hermitian combination M †eMe are left invariant
such that the predictions for charged lepton mass and the unitary rotation Ue are unchanged,
where Ue diagonalize the charged lepton mass matrix via U
†
eM
†
eMeUe = diag(m
2
e,m
2
µ,m
2
τ ).
5.2 Neutrino sector
In neutrino sector, we assume that neutrinos are Majorana particles, and we consider two
scenarios that the neutrino masses are described by the effective Weinberg operator or arise
from the type-I seesaw mechanism. The left-handed lepton doublets would be assigned to
transform as triplet under S ′4. Guided by the principle of minimality and simplicity, we shall
consider modular multiplets with weight less than four similar to the charged lepton sector.
For the cases involving higher weight modular forms, more modular invariant operators
accompanied by free coupling constants would be allowed, and the predictive power of the
models would be reduced.
5.2.1 Weinberg operator
From the S ′4 Kronecker products 3 ⊗ 3 = 3′ ⊗ 3′ = 1 ⊕ 2 ⊕ 3 ⊕ 3′, 3ˆ ⊗ 3ˆ = 3ˆ′ ⊗ 3ˆ′ =
1′⊕2⊕3⊕3′, we know that the operator LLHuHu can not couple with odd weight modular
forms such as Y
(1)
3ˆ′ , Y
(3)
1ˆ′
, Y
(3)
3ˆ
, Y
(3)
3ˆ′ to form a S
′
4 singlet. At the lowest order, the weight 2
modular multiplets Y
(2)
2 , Y
(2)
3 enter into the Weinberg operator, and the superpotential for
neutrino masses are as follows.
• ρL = 3 or 3′
Wν = g1
Λ
((LL)3Y
(2)
3 )1HuHu +
g2
Λ
((LL)2Y
(2)
2 )1HuHu
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Cases
rep assignments weights
Charged lepton mass matrix
(ρL, ρEc1 , ρEc2 , ρEc3) kL + kEc1,2,3
C1

(3, 1ˆ,1, 1ˆ′)
(3′, 1ˆ′,1′, 1ˆ)
(3ˆ,1, 1ˆ′,1′)
(3ˆ′,1′, 1ˆ,1)
(1, 2, 3) Me =
 αY1 αY3 αY2βY (2)3 βY (2)5 βY (2)4
γY
(3)
2 γY
(3)
4 γY
(3)
3
 vd
C2

(3, 1ˆ,1, 1ˆ)
(3′, 1ˆ′,1′, 1ˆ′)
(3ˆ,1, 1ˆ′,1)
(3ˆ′,1′, 1ˆ,1′)
(1, 2, 3) Me =
 αY1 αY3 αY2βY (2)3 βY (2)5 βY (2)4
γY
(3)
5 γY
(3)
7 γY
(3)
6
 vd
C3

(3, 1ˆ, 1ˆ, 1ˆ′)
(3′, 1ˆ′, 1ˆ′, 1ˆ)
(3ˆ,1,1,1′)
(3ˆ′,1′,1′,1)
(1, 3, 3) Me =
 αY1 αY3 αY2βY (3)5 βY (3)7 βY (3)6
γY
(3)
2 γY
(3)
4 γY
(3)
3
 vd
C4

(3, 1ˆ,1, 1ˆ′)
(3′, 1ˆ′,1′, 1ˆ)
(3ˆ,1, 1ˆ′,1′)
(3ˆ′,1′, 1ˆ,1)
(3, 2, 3) Me =
αY
(3)
5 αY
(3)
7 αY
(3)
6
βY
(2)
3 βY
(2)
5 βY
(2)
4
γY
(3)
2 γY
(3)
4 γY
(3)
3
 vd
Table 2: The modular S′4 models in charged lepton sector for different weight and representation assign-
ments, where the charged lepton mass matrix Me is given in the convention E
cMe L with vd = 〈H0d〉.
=
[
g1(2L1L2 + L
2
3)Y
(2)
1 + g1(2L1L3 + L
2
2)Y
(2)
2
]H2u
Λ
. (60)
The modular weight kL should be equal to 1, i.e. kL = 1. From the CG coefficients of
3 ⊗ 3 → 3 and 3′ ⊗ 3′ → 3, we know that the contraction (LL)3 is a antisymmetric
combination of lepton fields L, while Lorentz invariance requires that the Majorana
mass term ((LL)3Y
(2)
3 )1HuHu should be symmetric with respect to L. As a result, the
term proportional to g2 is vanishing, and the corresponding neutrino mass matrix Mν
read as
Mν = g
 0 Y
(2)
1 Y
(2)
2
Y
(2)
1 Y
(2)
2 0
Y
(2)
2 0 Y
(2)
1
 v2u
Λ
. (61)
where vu = 〈H0u〉
• ρL = 3ˆ or 3ˆ′
Wν = g1
Λ
((LL)2Y
(2)
2 )1HuHu +
g2
Λ
((LL)3Y
(2)
3 )1HuHu
=
[
g1(2L1L2 + L
2
3)Y
(2)
1 − g1(2L1L3 + L22)Y (2)2 + g2(2L21 − 2L2L3)Y (2)3
+ g2(2L
2
2 − 2L1L3)Y (2)4 + g2(2L23 − 2L1L2)Y (2)5
]H2u
Λ
, (62)
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with the weight kL = 1. The light neutrino mass matrix Mν is of the form
Mν =
 2g2Y
(2)
3 g1Y
(2)
1 − g2Y (2)5 −g1Y (2)2 − g2Y (2)4
g1Y
(2)
1 − g2Y (2)5 −g1Y (2)2 + 2g2Y (2)4 −g2Y (2)3
−g1Y (2)2 − g2Y (2)4 −g2Y (2)3 g1Y (2)1 + 2g2Y (2)5
 v2u
Λ
. (63)
5.2.2 Type-I seesaw mechanism
Three generations of right-handed neutrinos are introduced in the present work and they
are assumed to transforms as triplet under the S ′4. Then the most general superpotential in
neutrino sector can be written as
Wν = g (N cLHufD(Y ))1 + Λ (N cN cfM(Y ))1 , (64)
where fN(Y ) and fM(Y ) are modular multiplets. Similar to the case of Weinberg operator,
from the Kronecker products of two triplets, we know that fM(Y ) can be τ−independent
constant2 or weight 2 modular form.
• fM(Y ) = 1
In this case, the right-handed neutrinos can transform as 3 or 3′ under S ′4 (i.e., ρNc = 3
or 3′) and their modular weight should be vanishing with kNc = 0. The heavy neutrino
mass term is
WN = Λ(N cN c)1 = Λ(N c1N c1 +N c2N c3 +N c3N c2) , (65)
which leads to the following heavy neutrino mass matrix,
MN =
1 0 00 0 1
0 1 0
Λ . (66)
• fM(Y ) = Y
(2)
2 , Y
(2)
3
If the right-handed neutrinos are assigned to transform as unhatted triplet ρNc = 3 or
3′ with kNc = 1, we have
WN = Λ((N cN c)2Y (2)2 )1 + Λ′((N cN c)3Y (2)3 )1
= Λ
[
(2N c1N
c
2 +N
c
3N
c
3)Y
(2)
1 + (2N
c
1N
c
3 +N
c
2N
c
2)Y
(2)
2
]
. (67)
Notice that the term [(N cN c)3Y
(2)
3 ]1 is vanishing because the contractions for both
3⊗3→ 3 and 3′⊗3′ → 3 are antisymmetric combinations. The corresponding heavy
Majorana mass matrix MN can be easily read out as
MN =
 0 Y
(2)
1 Y
(2)
2
Y
(2)
1 Y
(2)
2 0
Y
(2)
2 0 Y
(2)
1
Λ . (68)
On the other hand, we can also assign the right-handed neutrinos to hatted triplets
ρNc = 3ˆ or 3ˆ
′ with kNc = 1. Then the superpotential WN is
WN = Λ[(N cN c)2Y (2)2 ]1 + Λ′[(N cN c)3Y (2)3 ]1
2There are no non-trivial modular forms of weight zero.
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= Λ
[
(2N c1N
c
2 +N
c
3N
c
3)Y
(2)
1 − (2N c1N c3 +N c2N c2)Y (2)2 ] + Λ′[(2N c1N c1 − 2N c2N c3)Y (2)3
+ (2N c2N
c
2 − 2N c1N c3)Y (2)4 + (2N c3N c3 − 2N c1N c2)Y (2)5
]
, (69)
which gives rise to
MN =
 2Λ′Y
(2)
3 ΛY
(2)
1 − Λ′Y (2)5 −ΛY (2)2 − Λ′Y (2)4
ΛY
(2)
1 − Λ′Y (2)5 −ΛY (2)2 + 2Λ′Y (2)4 −Λ′Y (2)3
−ΛY (2)2 − Λ′Y (2)4 −Λ′Y (2)3 ΛY (2)1 + 2Λ′Y (2)5
 . (70)
Now we proceed to discuss the neutrino Yukawa interaction term g (N cLHufD (Y ))1.
The modular form fD(Y ) is fixed by the assignments for L and N
c, it can 1, Y
(1)
3ˆ′ , Y
(2)
2 , Y
(2)
3 ,
Y
(3)
1ˆ′ , Y
(3)
3ˆ
and Y
(3)
3ˆ′ up to weight 3. We shall report the predictions for Dirac neutrino mass
matrix for each possible cases.
(i) fN(Y ) = 1
In this case, left-handed lepton doublet L and right-handed neutrinos N contract to a
singlet, hence their assignments can be (ρNc , ρL) = (3, 3) or (3
′, 3′) or (3ˆ, 3ˆ′) or (3ˆ′, 3ˆ).
The Dirac neutrino mass term is
WD = g(N cL)1Hu = g[(L1N c1 + L2N c3 + L3N c2)Hu , (71)
with kN + kL = 0. Consequently the Dirac neutrino mass matrix read as
MD = g
1 0 00 0 1
0 1 0
 vu . (72)
(ii) fN(Y ) = Y
(1)
3ˆ′
There are eight possible assignments for ρL and ρNc , and they can divided into two
categories. In the case of (ρNc , ρL) = (3, 3ˆ), (3
′, 3ˆ′) or (3ˆ, 3) , (3ˆ′, 3′), we have
WD = g
(
(N cL)3ˆY
(1)
3ˆ′
)
1
Hu
= ±g[(L2N c3 − L3N c2)Y1 + (L3N c1 − L1N c3)Y2 + (L1N c2 − L2N c1)Y3]Hu , (73)
with the modular weights kNc +kL = 1. We can read out the Dirac neutrino mass matrix
is
MD = g
 0 −Y3 Y2Y3 0 −Y1
−Y2 Y1 0
 vu . (74)
For the second type of assignments (ρNc , ρL) = (3, 3ˆ
′), (3′, 3ˆ), (3ˆ′, 3) or (3ˆ, 3′) with
kNc + kL = 1, we find
WD = g
(
(N cL)3ˆY
(1)
3ˆ′
)
1
Hu
= g[(2L1N
c
1 − L2N c3 − L3N c2)Y1 + (2L2N c2 − L1N c3 − L3N c1)Y2
+(2L3N
c
3 − L1N c2 − L2N c1)Y3]Hu , (75)
which leads to
MD = g
2Y1 −Y3 −Y2−Y3 2Y2 −Y1
−Y2 −Y1 2Y3
 vu . (76)
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(iii) fD(Y ) = Y
(2)
2 , Y
(2)
3
The modular weights of L and N c should compensate that of fD(Y ), they satisfy the
condition kNc + kL = 2. For the assignments (ρNc , ρL) = (3, 3) , (3
′, 3′) , (3ˆ, 3ˆ′) or
(3ˆ′, 3ˆ), we have
WD =
(
g1(N
cL)2Y
(2)
2
)
1
Hu + g2
(
(N cL)3Y
(2)
3
)
1
Hu
= g1[(L2N
c
1 + L1N
c
2 + L3N
c
3)Y
(2)
1 + (L3N
c
1 + L1N
c
3 + L2N
c
2)Y
(2)
2 ]Hu
+g2[(L2N
c
3 − L3N c2)Y (2)3 + (L3N c1 − L1N c3)Y (2)4 + (L1N c2 − L2N c1)Y (2)5 ]Hu .(77)
Accordingly the Dirac neutrino mass matrix is of the following form
MD =
 0 g1Y
(2)
1 − g2Y (2)5 g1Y (2)2 + g2Y (2)4
g1Y
(2)
1 + g2Y
(2)
5 g1Y
(2)
2 −g2Y (2)3
g1Y
(2)
2 − g2Y (2)4 g2Y (2)3 g1Y (2)1
 vu . (78)
We can also assign N c and L to the S ′4 triplets (ρNc , ρL) = (3ˆ, 3ˆ), (3ˆ
′, 3ˆ′) , (3, 3′) or
(3′, 3), and thus
WD =
(
g1(N
cL)2Y
(2)
2
)
1
Hu + g2
(
(N cL)3Y
(2)
3
)
1
Hu
= g1[(L2N
c
1 + L1N
c
2 + L3N
c
3)Y
(2)
1 − (L3N c1 + L1N c3 + L2N c2)Y (2)2 ]Hu
+g2[(2L1N
c
1 − L2N c3 − L3N c2)Y (2)3 + (2L2N c2 − L3N c1 − L1N c3)Y (2)4
+(2L3N
c
3 − L1N c2 − L2N c1)Y (2)5 ]Hu . (79)
The Dirac neutrino mass matrix read as
MD =
 2g2Y
(2)
3 g1Y
(2)
1 − g2Y (2)5 −g1Y (2)2 − g2Y (2)4
g1Y
(2)
1 − g2Y (2)5 −g1Y (2)2 + 2g2Y (2)4 −g2Y (2)3
−g1Y (2)2 − g2Y (2)4 −g2Y (2)3 g1Y (2)1 + 2g2Y (2)5
 vu . (80)
(iv) fD(Y ) = Y
(3)
1ˆ′ , Y
(3)
3ˆ
, Y
(3)
3ˆ′
The weight cancellation requires kL and kNc fulfill the condition kNc +kL = 3. Invariance
of the neutrino Yukawa coupling under S ′4 entails N
c and L should contract to 1ˆ, 3ˆ and
3ˆ′. Therefore N c and L can be assigned to (ρNc , ρL) = (3, 3ˆ), (3′, 3ˆ′), (3ˆ, 3) or (3ˆ′, 3′),
then the superpotential WD is of the form
WD = g1
(
(N cL)3ˆY
(3)
3ˆ′
)
1
Hu + g2
(
(N cL)3ˆ′Y
(3)
3ˆ
)
1
Hu + g3
(
(N cL)1ˆY
(3)
1ˆ′
)
1
Hu
= ±g1[(L2N c3 − L3N c2)Y (3)5 + (L3N c1 − L1N c3)Y (3)6 + (L1N c2 − L2N c1)Y (3)7 ]Hu
+g2[(2L1N
c
1 − L2N c3 − L3N c2)Y (3)2 + (2L2N c2 − L1N c3 − L3N c1)Y (3)3
+(2L3N
c
3 − L1N c2 − L2N c1)Y (3)4 ]Hu + g3[L1N c1 + L2N c3 + L3N c2 ]Hu , (81)
which gives rise to
MD =
 2g2Y
(3)
2 + g3Y
(3)
1 −g1Y (3)7 − g2Y (3)4 g1Y (3)6 − g2Y (3)3
g1Y
(3)
7 − g2Y (3)4 2g2Y (3)3 −g1Y (3)5 − g2Y (3)2 + g3Y (3)1
−g1Y (3)6 − g2Y (3)3 g1Y (3)5 − g2Y (3)2 + g3Y (3)1 2g2Y (3)4
 vu .(82)
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Cases W1 W2 S1 S2 S3 S4
Irrep(ρNc , ρL)
{
(−,3)
(−,3′)
{
(−, 3ˆ)
(−, 3ˆ′)
{
(3, 3)
(3′, 3′)
{
(3ˆ, 3ˆ′)
(3ˆ′, 3ˆ)
weight(kNc , kL) (−, 1) (−, 1) (−1, 1) (2, 0) (1, 1) (−1, 1)
Neutrino
Eq. (61) Eq. (63)
Eq. (68) Eq. (66) Eq. (68) Eq. (70)
mass matrices Eq. (72) Eq. (78) Eq. (78) Eq. (72)
Cases S5 S6 S7 S8 S9 S10
Irrep(ρNc , ρL)
{
(3, 3′)
(3′, 3)
{
(3, 3ˆ)
(3′, 3ˆ′)
weight(kNc , kL) (2, 0) (1, 1) (1, 0) (0, 1) (3, 0) (2, 1)
Neutrino Eq. (66) Eq. (68) Eq. (66) Eq. (68) Eq. (66) Eq. (68)
mass matrices Eq. (80) Eq. (80) Eq. (74) Eq. (74) Eq. (82) Eq. (82)
Cases S11 S12 S13 S14 S15 S16
Irrep(ρNc , ρL)
{
(3ˆ, 3)
(3ˆ′, 3′)
{
(3, 3ˆ′)
(3′, 3ˆ)
{
(3ˆ′, 3)
(3ˆ, 3′)
weight(kNc , kL) (0, 1) (1, 0) (0, 1) (3, 0) (2, 1) (0, 1)
Neutrino Eq. (70) Eq. (66) Eq. (68) Eq. (66) Eq. (68) Eq. (70)
mass matrices Eq. (74) Eq. (76) Eq. (76) Eq. (84) Eq. (84) Eq. (76)
Table 3: Summary of neutrino models with less than four free parameters excluding τ , W1,2 and Si
(i = 1, . . . , 16) denote the models in which neutrino masses arise from Weinberg operator and type-I seesaw
mechanism respectively.
We can also assign N c and L to transform as (ρNc , ρL) = (3, 3ˆ
′), (3′, 3ˆ), (3ˆ′, 3) or
(3ˆ, 3′), then we have
WD = g1
(
(N cL)3ˆY
(3)
3ˆ′
)
1
Hu + g2
(
(N cL)3ˆ′Y
(3)
3ˆ
)
1
Hu
= g1[(2L1N
c
1 − L2N c3 − L3N c2)Y (3)5 + (2L2N c2 − L1N c3 − L3N c1)Y (3)6
+(2L3N
c
3 − L1N c2 − L2N c1)Y (3)7 ]Hu + g2[(L2N c3 − L3N c2)Y (3)2
+(L3N
c
1 − L1N c3)Y (3)3 + (L1N c2 − L2N c1)Y (3)4 ]Hu . (83)
The Dirac neutrino mass matrix is determined to be
MD =
 2g1Y
(3)
5 −g1Y (3)7 − g2Y (3)4 −g1Y (3)6 + g2Y (3)3
−g1Y (3)7 + g2Y (3)4 2g1Y (3)6 −g1Y (3)5 − g2Y (3)2
−g1Y (3)6 − g2Y (3)3 −g1Y (3)5 + g2Y (3)2 2g1Y (3)7
 vu . (84)
For all the above type-I seesaw models, the effective light neutrino mass matrix is given by
the seesaw formula,
Mν = −MTDM−1N MD . (85)
We are interested in the models with less free parameters, and we list the possible neutrino
models in table 3 for which the resulting light neutrino mass matrices contain less than four
free parameters excluding the modulus τ .
5.3 Numerical results
In short, the charged lepton can take four possible forms shown in table 2 if only modular
forms of weight less than 4 are considered, and there are eighteen neutrino models with
19
parameters less than 4, as summarized in table 3. Combining charged lepton sector with
neutrino sector, we obtain totally 4 × 18 = 72 lepton models which are denoted as Ci-W1,
Ci-W2 and Ci-Sj with the indices i = 1, . . . , 4, j = 1, . . . , 16. We see that for the four cases
C1,2,3,4 the charged lepton mass matrix Me depends on three parameters α, β and γ which can
be made real by redefining the phases of the right-handed charged leptons Ec1,2,3. The three
parameters α, β and γ are in one-to-one correspondence with the charged lepton masses.
The electron, muon, tau masses can be reproduced by adjusting the parameters α, β and
γ. We confront each model with the neutrino oscillation data and charged lepton masses,
we perform a conventional χ2 analysis to optimize the model parameters and determine how
well each model can be compatible with the observations. The overall mass scale αvd in
the charged lepton mass matrix and g2v2u/Λ in the neutrino mass matrix can be fixed by
requiring the electron mass and the mass splitting ∆m221 are reproduced. Since the overall
factor of the mass matrix doesn’t affect the predictions for mass ratios, mixing angles and
CP violating phases, we construct the χ2 function using the lepton mixing angles θ12, θ13,
θ23 and the mass ratios me/mµ, mµ/mτ , ∆m
2
21/∆m
2
31. The neutrino oscillation parameters
are taken from the latest global fit results of NuFIT v4.1 including the atmospheric neutrino
data from Super-Kamiokande [63]. Since the current data somewhat prefer normal ordering
(NO) over inverted neutrino (IO) mass ordering, we shall focus on NO neutrino masses in
the numerical analysis. The best fit values and 1σ ranges of the three lepton mixing angles
CP violating phase δCP and the neutrino mass squared differences are as follows
sin2 θ12 = 0.310
+0.013
−0.012, sin
2 θ13 = 0.02237
+0.00066
−0.00065, sin
2 θ23 = 0.563
+0.018
−0.024,
δlCP/pi = 1.2278
+0.2167
−0.1556,
∆m221
10−5eV2
= 7.39+0.21−0.20,
∆m231
10−3eV2
= 2.528+0.029−0.031 .
(86)
The ratios of charged lepton masses taken from [64],
me/mµ = 0.0048± 0.0002, mµ/mτ = 0.0565± 0.0045 (87)
The leptonic Dirac CP phase δlCP is not measured precisely at present and the indication
of a preferred value of δlCP from global data analyses is rather weak, we don’t include the
information of δlCP in the χ
2 function. The absolute values of all coupling constants are
scanned in the region [0, 104] and the phases are freely varied in the range [0, 2pi], and the
modulus τ is restricted in the right-hand part of the fundamental domain D with 0 ≤ Re(τ) ≤
0.5, the reason of why not scanning the complete fundamental domain is explained below.
We numerically minimize the χ2 function by using the minimization algorithms incorporated
in the package MINUIT developed by CERN to determine the optimum values of the input
parameters. We find that 15 models can give very good fit to the data for certain values
of input parameters. We display the best fit values of the input parameter for which the
χ2 function reach a global minimum χ2min in table 4, and we also give the predictions for
lepton mixing parameters and neutrino masses at the best fitting point in table 4. For
all the 15 phenomenologically viable models, the light neutrino mass matrix Mν depends
on a single complex parameter g2/g1 and the complex modulus τ besides the overall scale
g21v
2
u/Λ. Hence the three lepton mixing angles, Dirac and Majorana CP phases and three
light neutrino masses are completely determined by five real parameters |g2/g1|, arg (g2/g1),
Re(τ), Im(τ), and g21v
2
u/Λ. The number of free parameters is four less than the that of
observables, therefore these models are quite predictive. Note that the models Ci-S9 and
Ci-S10 contain more free parameters, consequently we don’t not show the numerical results
of these model here. As can be seen from table 4, the three lepton mixing angles θ12, θ13, θ23
and the neutrino mass squared difference ∆m221, ∆m
2
31 fall in the 1σ experimental range for
these 15 viable models except the models C1-S3 and C4-S3 where sin
2 θ23 = 0.4949 is outside
the 1σ region but still in the 3σ region.
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Furthermore, we notice that the modular forms have the property Y
(k)
r (−τ ∗) = ρr(S)[Y (k)r (τ)]∗
as shown in Eq. (40). Therefore if we make the replacment τ → −τ ∗, g1,2 → g∗1,2 and perform
the S transformation on both lepton and right-handed neutrino fields, the charged lepton
and neutrino mass matrices would become their complex conjugate. Therefore under such
transformation, lepton masses and mixing angles are unchanged while the signs of all CP
violating phases are flipped. As a consequence, the complex modulus τ is limited in the
right-hand part of the fundamental domain D with 0 ≤ Re(τ) ≤ 0.5 when we scan over the
parameter space in numerical minimisation. The predictions of the mixing parameters in the
left-hand part of D with −0.5 ≤ Re(τ) ≤ 0 can be easily obtained by reversing the overall
signs of the Dirac and Majorana CP phases. Hence all the numerical results given in table 4
should understand to come in pair with opposite CP violating phases.
It is known that the neutrino mass spectrum tends to be nearly degenerate in modular
invariant models based on inhomogeneous finite modular group. As can be seen from table 4,
a remarkable feature of these modular S ′4 models is that the neutrino masses are hierarchical
except the models C2-W2 and C3-W2. From the predictions for neutrino masses, mixing
angles and CP violating phases in table 4, we can pin down the effective neutrino mass |mee|
relevant to neutrinoless double beta decay. We displayed the the lightest neutrino mass and
|mee| of each viable model in figure 1, where the experiemental bound of KamLAND-Zen [65]
and the expected sensitivities of future experiments [66–71] are indicated by the horizontal
lines. For the models C1-S6 and C3-S6, the effective Majorana mass are |mee| ' 2.864×10−6
meV and |mee| = 8.620× 10−7 meV respectively with the lightest neutrino mass m1 ' 6.953
meV. Hence the corresponding points are not visible in the figure. As indicated in the figure,
we expect that some of these predictions will be tested in next generation neutrinoless double
beta decay experiments.
If we require the theory to be invariant under both S ′4 modular symmetry and the gen-
eralized CP symmetry, all the couplings would be restricted to be real in our working basis,
as shown in section 4. Thus the number of free parameters in a model would be reduced
further. For the 15 viable models listed in table 4, the generalized CP symmetry enforces
both coupling constants g1 and g2 to be real. As a consequence, the light neutrino mass
matrix would be described by four real parameters g2/g1, Re(τ), Im(τ) and the overall scale
g21v
2
u/Λ. In particular, the complex modulus τ and modular forms would be sources all
CP violation phases. We find only six out of the 15 models are compatible with data, the
numerical results are shown in table 5.
In order to show the predictive ability of the model after adding generalized CP symmetry,
for comparison, we take the model C1-S5 as an example and give detailed numerical scanning
results , the correlation graph with or without generalized CP symmetry are shown below.
From these figure 3, figure 4, figure 5, figure 6 and figure 7, it can be seen that for the model
C1-S5, the points compatible with experiment data are all located near the boundary of
the fundamental domain D, and there are five independent and disconnected regions in the
parameter space. The correlation between some observables in each region is very strong,
and the patterns of different regions show very different behaviors. After gCP symmetry
is added, only two independent and disconnected regions are left in the allowed parameter
space of model C1-S5. And they all shrink in the 〈τ〉 plane, one of them is very small, almost
a point. These shows the strong restriction of gCP on the parameter space.
6 Quark models based on S ′4 modular symmetry
In this section, we will exploit the S ′4 modular symmetry to understand the quark mass
hierarchies and the observed pattern of hierarchial quark mixing angles and CP violating
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Models
Best fit values of the input parameters for NO
χ2min
Re〈τ〉 Im〈τ〉 β/α γ/α |g2/g1| arg (g2/g1)/pi αvd/MeV g
2
1v
2
u
Λ
/meV
C1-W2 0.3656 1.1638 670.6170 13.7484 0.7008 0.026 0.1995 2.746 2.277
C2-W2 0.4600 0.8911 34.6012 203.4790 0.8046 1.827 0.170 5.274 0.005
C3-W2 0.4519 0.8957 196.249 57.8262 0.7826 0.181 0.171 4.970 7.57× 10−5
C4-W2 0.3658 1.1639 4536.51 92.9859 0.7007 0.026 0.0295 2.746 2.261
C1-S3 0.3860 1.3025 717.989 13.6791 0.5157 1.806 0.2030 4.573 8.211
C4-S3 0.3860 1.3025 6074.95 115.738 0.5157 0.807 0.0240 4.573 8.211
C1-S5 0.1470 0.9994 0.0001 0.0031 0.3405 0.350 653.091 0.233 7.78× 10−6
C4-S5 0.0582 1.0131 9584.42 253.791 0.3889 0.307 0.0123 0.214 2.27× 10−5
C1-S6 0.1764 0.9915 0.0016 0.8839 1.5584 1.865 38.325 0.086 1.581
C3-S6 0.1763 0.9914 0.0003 0.8838 1.5576 1.865 38.320 0.085 1.577
C1-S15 0.4792 1.171 44.6105 215.725 1.828 1.357 0.1934 0.036 1.66× 10−5
C4-S15 0.4881 1.1629 244.836 1192.49 1.7919 0.636 0.0349 0.036 1.01× 10−5
C1-S16 0.2609 1.1527 608.789 13.2779 0.2412 0.094 0.2178 7.324 4.323
C3-S16 0.3065 1.0220 229.712 15.8054 0.2119 0.067 0.186 8.083 4.323
C4-S16 0.2673 1.150 5679.84 123.527 0.2342 1.906 0.0233 7.226 4.309
Models
Predictions for mixing parameters and neutrino masses at best fitting point
sin2 θ12 sin
2 θ13 sin
2 θ23 δ
l
CP/pi α21/pi α31/pi m1/meV m2/meV m3/meV |mee|/meV
C1-W2 0.3100 0.02184 0.5326 1.329 1.509 0.525 32.491 33.609 59.818 25.735
C2-W2 0.3100 0.02237 0.5643 0.416 1.987 0.992 115.066 115.387 125.574 115.022
C3-W2 0.3100 0.02237 0.5628 0.432 0.005 1.006 104.766 105.118 116.207 104.886
C4-W2 0.3100 0.02184 0.5327 1.328 1.509 0.525 32.478 33.597 59.810 25.723
C1-S3 0.3136 0.02254 0.4949 0.997 1.342 1.055 26.348 27.715 56.764 14.591
C4-S3 0.3136 0.02254 0.4949 0.997 1.342 1.055 26.347 27.714 56.764 14.590
C1-S5 0.3100 0.02237 0.5630 0.439 0.078 0.729 19.363 21.185 53.879 20.394
C4-S5 0.3100 0.02237 0.5630 0.852 0.092 0.307 19.539 21.346 53.946 19.231
C1-S6 0.3220 0.02227 0.5435 1.001 1.000 1.002 6.953 11.056 50.611 2.864× 10−6
C3-S6 0.3221 0.02226 0.5435 1.001 1.000 1.001 6.954 11.057 50.642 8.620× 10−7
C1-S15 0.3100 0.02237 0.5629 1.173 1.646 1.556 18.802 20.674 53.680 15.841
C4-S15 0.3100 0.02237 0.5630 0.583 0.352 0.383 19.164 21.004 53.807 15.639
C1-S16 0.3008 0.02147 0.5630 1.676 1.578 1.734 5.065 9.977 49.550 4.927
C3-S16 0.3008 0.02147 0.5630 0.664 0.762 1.537 7.498 11.407 49.857 4.579
C4-S16 0.3008 0.02147 0.5630 0.298 1.410 0.242 4.982 9.936 49.543 4.848
Table 4: The best fit values of the input parameters at the minimum of the χ2 under the assumption of NO
neutrino masses. We give the predictions for neutrino mixing angles θ12, θ13, and Dirac CP violating phase
δlCP as well as Majorana CP violating phases α21, α31, and the light neutrino masses m1,2,3 and the effective
mass |mee| in neutrinoless double decay. Notice in the CP dual point τ → −τ∗, g1,2 → g∗1,2, the signs of
Dirac and Majorana CP phases are reversed while the predictions for lepton mixing angles and neutrino
masses are unchanged.
phase encoded in the CKM matrix. We aim to construct viable quark mass models with
a minimal amount of free parameters. The quark fields can be assigned to triplet of S ′4,
the direct product of a doublet and a singlet, or the direct sum of three singlets. Similar
to what we have done in the charged lepton sector, we can classify the structures of the
quark mass matrix for each assignment. We have constructed the tens of thousands possible
quark models by using Wolfram Mathematica, and then find the best fit points by using the
package MINUIT.
The modular symmetry is broken by the vacuum expectation value of the modulus τ at
high energy scale. We assume that modular invariance breaking scale is around the GUT
scale 2 × 1016 GeV. From the up type and down type quark mass matrices Mu and Md we
can calculte the quark masses, mixing angles and CP violation phase in terms of the input
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Figure 1: The predictions for lightest neutrino mass m1 and the effective Majorana mass |mee| for the 15
phenomenologically viable models at the best fit points shown in table 4. The blue (red) lines denote the most
general allowed regions for NO (IO) where the neutrino oscillation parameters are freely varied in their 3σ
regions [63]. The vertical grey exclusion band denotes the bound on the lightest neutrino mass coming from
the cosmological data Σimi < 0.120 eV at 95% confidence level obtained by the Planck collaboration [72].
The values of |mee| in the models C1-S6 and C3-S6 are too tiny to be visible.
parameters of the model. In order to find the point in parameter space which optimizes the
agreement between predictions and data, we generalize the numerical analysis strategy to the
quark sector, and we search the minimum of the χ2 contributions from quark mass ratios and
CKM parameters. For the calculation of χ2min, we use the values of Yukawa couplings and
the CKM parameters calculated at the GUT scale from a minimal SUSY breaking scenario,
with SUSY breaking scale MSUSY = 1 TeV and tan β = 7.5, η¯b = 0.09375 [73],
mu/mc = (1.9286± 0.6017)× 10−3, mc/mt = (2.7247± 0.1200)× 10−3,
md/ms = (5.0528± 0.6192)× 10−2, ms/mb = (1.7684± 0.0975)× 10−2 ,
mt = 89.5335 GeV , mb = 0.9336 GeV , δ
q
CP = 69.213
◦ ± 3.115◦ ,
θq12 = 0.22736± 0.00073, θq13 = 0.00338± 0.00012, θq23 = 0.03888± 0.00062 . (88)
where η¯b denotes the contribution from SUSY threshold corrections which mainly affects the
bottom quark Yukawa coupling. After examining many possible constructions, we succeeded
in finding some models which can accommodate the experimental data of quark masses and
CKM matrix. In the following, we present eight benchmark models with small number of free
parameters. The transformation properties of the quark fields under S ′4 and their modular
weights are summarized in table 6.
1○ Model I with gCP: 9 free real parameters including Re(τ) and Im(τ)
In this model, left-handed quarks Q and right-handed up quarks uc, cc, tc are assigned to
a direct sum of doublet and singlet 2⊕ 1 of S ′4, the right-handed down quarks dc, sc, bc are
assigned to 2ˆ⊕ 1′ of S ′4. For convenience, we use the subscript “D” to denote the doublet
assignment, i.e. QD ≡ (Q1, Q2)T , ucD ≡ (uc, dc)T , dcD ≡ (dc, sc)T . The modular weights of
these quark superfields are set to
kQ3 = kQD + 2 = 6− kucD = 6− ktc = 7− kdcD = 6− kbc . (89)
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Models with gCP C1-S5 C4-S5 C3-S6 C1-S16 C3-S16 C4-S16
Re〈τ〉 0.1997 0.2118 0.1745 0.3028 0.3166 0.3028
Im〈τ〉 0.9969 0.9709 0.9847 1.1351 1.0086 1.1351
β/α 0.000087 435.027 0.00033 629.354 227.194 4958.27
γ/α 0.0031 1696.69 0.8776 13.470 16.5263 106.115
g2/g1 −0.0066 0.6520 1.6939 0.1779 0.1899 0.1780
αvd/MeV 654.213 0.0199 38.2 0.2079 0.1843 0.0264
g21v
2
u
Λ
/meV 0.371 0.160 0.072 6.564 7.851 6.565
sin2 θ12 0.3105 0.3145 0.3234 0.3008 0.3008 0.3008
sin2 θ13 0.02239 0.02289 0.02230 0.02147 0.02147 0.02147
sin2 θ23 0.5057 0.4491 0.5461 0.5630 05630 0.5630
δCP/pi 0.540 1.789 1.000 0 0.893 0
α21/pi 0.086 0.837 1.000 1.422 0.765 1.422
α31/pi 1.057 1.715 1.000 0 1.787 0
me/mµ 0.0048 0.0048 0.0048 0.0048 0.0048 0.0048
mµ/mτ 0.0564 0.0561 0.0565 0.0565 0.0565 0.0565
m1/meV 14.658 37.383 7.006 4.456 7.456 4.456
m2/meV 16.993 38.359 11.090 9.683 11.379 9.683
m3/meV 52.380 62.724 50.629 49.491 49.850 49.492∑
imi/meV 84.031 138.466 68.725 63.630 68.685 63.631
|mee|/meV 16.074 17.290 8.61× 10−7 4.400 4.332 4.400
χ2min 5.694 23.279 1.601 4.328 4.331 4.328
Table 5: The best fit values of the input parameters after imposing generalized CP. We give the predictions
for lepton mixing parameters and neutrino masses at the best fit points. Notice in the CP dual point
τ → −τ∗, the signs of Dirac and Majorana CP phases are reversed while the predictions for lepton mixing
angles and neutrino masses are unchanged.
Thus the modular invariant superpotentials for quark masses read as follows,
Wu = αu1(ucDQD)1Y (4)1 Hu + αu2(ucDQDY (4)2 )1Hu + βttc(QDY (4)2 )1 + γuQ3(ucDY (6)2 )1Hu ,
Wd = αd(dcDQDY (5)2ˆ )1Hd + βdbc(QDY
(4)
2 )1′Hd + γdb
cQ3Y
(6)
1′ Hd . (90)
From the CG coefficients of S ′4 group in Appendix A, we find the up and down quark mass
matrices are given by
Mu =
αu2Y
(4)
2 αu1Y
(4)
1 γuY
(6)
4
αu1Y
(4)
1 αu2Y
(4)
3 γuY
(6)
3
βtY
(4)
3 βtY
(4)
2 0
 vu , Md =
 αdY
(5)
1 0 0
0 −αdY (5)2 0
−βdY (4)3 βdY (4)2 γdY (6)1
 vd , (91)
We see that this model makes use of five real positive parameters αu1,d, βt,d, γd and two
complex parameter αu2, γu to describe quark masses and CKM matrix. If we impose gCP
symmetry on this model, αu2 and γu restricted to be real and they can be either positive
or negative. A good agreement between data and predictions is obtained for the following
values of input parameters
〈τ〉 = −0.43847 + 0.90997i , αu2/αu1 = −1.8814 , γu/αu1 = 0.1846 ,
βt/αu1 = 719.01 , βd/αd = 23.3376 , γd/αd = 0.0225 ,
αu1vu = 0.000796 GeV, αdvd = 0.000254 GeV .
(92)
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Figure 2: All allowed region of the modulus 〈τ〉 in the fundamental domain D for the model C1-S5 without
gCP. There are five disconnected parameter regions, moreover, two of them (region II and III) coincide on
the 〈τ〉 plane as shown in the second figure. The color of points from red to blue represents the χ2 from small
to large, as shown in the color bar. Note that we only show the points where Re〈τ〉 is between 0 and 0.5 in
D, because other points can be connected with it through modular transformation or CP transformation.
uc cc tc dc sc bc Q1 Q2 Q3
Model I
S ′4 2 1 2ˆ 1
′ 2 1
kI 6− kQ3 6− kQ3 7− kQ3 6− kQ3 kQ3 − 2 kQ3
Model II
S ′4 2 1
′ 2ˆ 1 2 1
kI 6− kQ3 6− kQ3 7− kQ3 6− kQ3 kQ3 − 2 kQ3
Model III
S ′4 2ˆ 1
′ 2 1 2 1
kI 5− kQ3 6− kQ3 6− kQ3 6− kQ3 kQ3 − 2 kQ3
Model IV
S ′4 2 1ˆ
′ 2ˆ 1 3′
kI 2− kQ 5− kQ 5− kQ 4− kQ kQ
Model V
S ′4 2ˆ 1
′ 2 1ˆ 3′
kI 3− kQ 6− kQ 4− kQ 5− kQ kQ
Model VI
S ′4 1ˆ 1 1ˆ
′ 1ˆ 1ˆ′ 1ˆ 3
kI 1− kQ 2− kQ 5− kQ 1− kQ 5− kQ 5− kQ kQ
Model VII
S ′4 1 1 1ˆ 1ˆ 1 1 3
kI 2− kQ 4− kQ 5− kQ 1− kQ 2− kQ 6− kQ kQ
Model VIII
S ′4 1ˆ 1 1ˆ 1ˆ 1 1 3
kI 1− kQ 4− kQ 5− kQ 1− kQ 2− kQ 6− kQ kQ
Table 6: Transformation properties of the quark fields under the S′4 modular symmetry and the modular
weight assignments. The Higgs fields Hu,d are invariant under S
′
4 with vanishing modular weight.
The quark mass ratios and mixing parameters are determined to be
θq12 = 0.22732 , θ
q
13 = 0.00338 , θ
q
23 = 0.03880 , δ
q
CP = 68.095
◦ ,
mu/mc = 0.001927 , mc/mt = 0.002726 , md/ms = 0.060247 , ms/mb = 0.017679 .
(93)
2○ Model II with gCP: 9 free real parameters including Re(τ) and Im(τ)
In this model, the representation assignments for quark fields are the same as Model I
except changing the right-handed quarks tc, bc to 1′, 1 of S ′4. The modular weights of these
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Figure 3: The predictions for the correlations among the input free parameters, neutrino mixing angles, CP
violation phases and neutrino masses in the region I of model C1-S5 without gCP symmetry.
quark superfields are set to
kQ3 = kQD + 2 = 6− kucD = 6− ktc = 7− kdcD = 6− kbc . (94)
Thus the modular invariant superpotentials for quark masses read as follows,
Wu = αu1(ucDQD)1Y (4)1 Hu + αu2(ucDQDY (4)2 )1Hu + βttc(QDY (4)2 )1′ + γuQ3(ucDY (6)2 )1Hu ,
Wd = αd(dcDQDY (5)2ˆ )1Hd + βdbc(QDY
(4)
2 )1Hd + γdb
cQ3Y
(6)
1 Hd . (95)
From the CG coefficients of S ′4 group in Appendix A, we find the up and down quark mass
matrices are given by
Mu =
αu2Y
(4)
2 αu1Y
(4)
1 γuY
(6)
4
αu1Y
(4)
1 αu2Y
(4)
3 γuY
(6)
3
−βtY (4)3 βtY (4)2 0
 vu , Md =
αdY
(5)
1 0 0
0 −αdY (5)2 0
βdY
(4)
3 βdY
(4)
2 γdY
(6)
2
 vd , (96)
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Figure 4: The predictions for the correlations among the input free parameters, neutrino mixing angles, CP
violation phases and neutrino masses in the region II of model C1-S5 without gCP symmetry.
We see that this model make use of five real parameters αu1,d, βt,d, γd and two complex
parameter αu2, γu to describe quark masses and CKM matrix. If we impose gCP symmetry
on this model, αu1, γu are either positive or negative. A good agreement between data and
predictions is obtained for the following values of input parameters
〈τ〉 = 0.48945 + 0.94228i , αu2/αu1 = −2.13638 , γu/αu1 = 0.21630 ,
βt/αu1 = 814.674 , βd/αd = 22.74651 , γd/αd = 0.01134 ,
αu1vu = 0.000751 GeV, αdvd = 0.000278 GeV .
(97)
The quark mass ratios and mixing parameters are determined to be
θq12 = 0.22731 , θ
q
13 = 0.00338 , θ
q
23 = 0.03876 , δ
q
CP = 67.916
◦ ,
mu/mc = 0.001956 , mc/mt = 0.002724 , md/ms = 0.060138 , ms/mb = 0.017783 .
(98)
3○ Model III with gCP: 9 free real parameters including Re(τ) and Im(τ)
In this model, the Irrep assignments are same as Model I except that the assignments of
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Figure 5: The predictions for the correlations among the input free parameters, neutrino mixing angles, CP
violation phases and neutrino masses in the region III of model C1-S5 without gCP symmetry.
the right-handed up quarks and down quarks are interchanged. The modular weights of
these quark superfields are set to
kQ3 = kQD + 2 = 5− kucD = 6− ktc = 6− kdcD = 6− kbc (99)
Thus the modular invariant superpotentials for quark masses read as follows,
Wu = αu(dcDQDY (3)1ˆ′ )1Hu + βutc(QDY
(4)
2 )1′Hu + γut
cQ3Y
(6)
1′ Hu , (100)
Wd = αd1(ucDQD)1Y (4)1 Hu + αd2(ucDQDY (4)2 )1Hd + βdbc(QDY (4)2 )1 + γdQ3(ucDY (6)2 )1Hd .
From the CG coefficients of S ′4 group in Appendix A, we find the up and down quark mass
matrices are given by
Mu =
 0 αuY
(3)
1 0
αuY
(3)
1 0 0
−βuY (4)3 βuY (4)2 γuY (6)1
 vu ,Md =
αd2Y
(4)
2 αd1Y
(4)
1 γdY
(6)
4
αd1Y
(4)
1 αd2Y
(4)
3 γdY
(6)
3
βdY
(4)
3 βdY
(4)
2 0
 vd , (101)
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Figure 6: The predictions for the correlations among the input free parameters, neutrino mixing angles, CP
violation phases and neutrino masses in the region IV of model C1-S5 without gCP symmetry.
We see that this model make use of five real parameters αu,d1, βu,d, γu and two complex
parameter αd2, γd to describe quark masses and CKM matrix. If we impose gCP symmetry
on this model, αd2, γd are either positive or negative. A good agreement between data and
predictions is obtained for the following values of input parameters
〈τ〉 = 0.45221 + 0.92620i , βu/γu = 124.4933 , γu/βu = 0.04754 ,
αd2/αd1 = 3.14749 , γd/αd1 = −0.30559 , βd/αd1 = 183.16024 ,
αuvu = 0.00476 GeV, αd1vd = 3.3723× 10−5 GeV .
(102)
The quark mass ratios and mixing parameters are determined to be
θq12 = 0.22736 , θ
q
13 = 0.00333 , θ
q
23 = 0.03888 , δ
q
CP/
◦ = 69.214 ,
mu/mc = 0.003322 , mc/mt = 0.002725 , md/ms = 0.05056 , ms/mb = 0.017689 .
(103)
4○ Model IV with gCP: 9 free real parameters including Re(τ) and Im(τ)
In this model, we assume the left-handed quarks Q transform as triplet 3′ of S ′4, the right-
handed up quark fields uc, cc, tc transform as a direct sum of doublet and singlet 2 ⊕ 1ˆ′,,
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Figure 7: The predictions for the correlations among the input free parameters, neutrino mixing angles, CP
violation phases and neutrino masses in the region V of model C1-S5 without gCP symmetry.
the the right-handed down quark fields dc, sc, bc transform as 2ˆ ⊕ 1 of S ′4. The modular
weights of these quark superfields are set to
kQ = 2− kucD = 5− ktc = 5− kdcD = 4− kbc . (104)
Thus the modular invariant superpotentials for quark masses read as follows,
Wu = αu(ucDQY (2)3 )1Hu + βutc(QY (5)3ˆ′,I)1ˆHu + γutc(QY
(5)
3ˆ′,II)1ˆHu ,
Wd = αd(dcDQY (5)3ˆ )1Hd + βd(dcDQY
(5)
3ˆ′,I)1Hd + γd(d
c
DQY
(5)
3ˆ′,II)1Hd + δdb
c(QY
(4)
3′ )1Hd .(105)
From the CG coefficients of S ′4 group in Appendix A, we find the up and down quark mass
matrices are given by
Mu =
 −αuY
(2)
4 −αuY (2)3 −αuY (2)5
αuY
(2)
5 αuY
(2)
4 αuY
(2)
3
βuY
(5)
6 + γuY
(5)
9 βuY
(5)
8 + γuY
(5)
11 βuY
(5)
7 + γuY
(5)
10
 vu ,
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Figure 8: The predictions for the correlations among the input free parameters, neutrino mixing angles, CP
violation phases and neutrino masses in the model C1-S5 with gCP symmetry.
Md =
αdY
(5)
4 − βdY (5)7 − γdY (5)10 αdY (5)3 − βdY (5)6 − γdY (5)9 αdY (5)5 − βdY (5)8 − γdY (5)11
αdY
(5)
5 + βdY
(5)
8 + γdY
(5)
11 αdY
(5)
4 + βdY
(5)
7 + γdY
(5)
10 αdY
(5)
3 + βdY
(5)
6 + γdY
(5)
9
δdY
(4)
7 δdY
(4)
9 δdY
(4)
8
 vd .
(106)
It can been seen that there are four real parameters αu,d, βu, δd and three complex param-
eter γu,d, βd to describe quark masses and CKM matrix. If we impose gCP symmetry on
this model, γu,d, βd are either positive or negative. A good agreement between data and
predictions is obtained for the following values of input parameters
〈τ〉 = −0.33817 + 1.47789i , βu/αu = 0.19597 , γu/αu = 19.87307 ,
δd/αd = 1.32375 , βd/αd = 1.76097 , γd/αd = 0.10850 ,
αuvu = 0.01653 GeV, αdvd = 0.00117 GeV .
(107)
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The quark mass ratios and mixing parameters are determined to be
θq12 = 0.22747 , θ
q
13 = 0.00338 , θ
q
23 = 0.03849 , δ
q
CP/
◦ = 70.166 ,
mu/mc = 0.001570 , mc/mt = 0.002735 , md/ms = 0.050425 , ms/mb = 0.018259 ,
(108)
which are compatible with experimental data at 1σ level.
5○ Model V with gCP: 9 free real parameters including Re(τ) and Im(τ)
In this model, we assume the left-handed quarks Q transform as triplet 3′ of S ′4, the right-
handed up quark fields uc, cc, tc transform as a direct sum of doublet and singlet 2ˆ ⊕ 1′,,
the the right-handed down quark fields dc, sc, bc transform as 2 ⊕ 1ˆ of S ′4. The modular
weights of these quark superfields are set to
kQ = 3− kucD = 6− ktc = 4− kdcD = 5− kbc . (109)
Thus the modular invariant superpotentials for quark masses read as follows,
Wu = αu(ucDQY (3)3ˆ )1Hu + βu(ucDQY
(3)
3ˆ′ )1Hu + γut
c(QY
(6)
3,I )1′Hu + δut
c(QY
(6)
3,II)1′Hu ,
Wd = αd(dcDQY (4)3 )1Hd + βd(dcDQY (4)3′ )1Hd + γdbc(QY (5)3ˆ )1ˆ′Hd . (110)
From the CG coefficients of S ′4 group in Appendix A, we find the up and down quark mass
matrices are given by
Mu =
αuY
(3)
3 − βuY (3)6 αuY (3)2 − βuY (3)5 αuY (3)4 − βuY (3)7
βuY
(3)
7 + αuY
(3)
4 βuY
(3)
6 + αuY
(3)
3 βuY
(3)
5 + αuY
(3)
2
γuY
(6)
5 + δuY
(6)
8 γuY
(6)
7 + δuY
(6)
10 γuY
(6)
6 + δuY
(6)
9
 vu ,
Md =
βdY
(4)
8 − αdY (4)5 βdY (4)7 − αdY (4)4 βdY (4)9 − αdY (4)6
βdY
(4)
9 + αdY
(4)
6 βdY
(4)
8 + αdY
(4)
5 βdY
(4)
7 + αdY
(4)
4
γdY
(5)
3 γdY
(5)
5 γdY
(5)
4
 vd . (111)
It can been seen that there are four real parameters αu,d, γu,d and three complex param-
eter βu,d, δu to describe quark masses and CKM matrix. If we impose gCP symmetry on
this model, βu,d, δu are either positive or negative. A good agreement between data and
predictions is obtained for the following values of input parameters
〈τ〉 = −0.43820 + 2.04453i , γu/αu = 103.47956 , βu/αu = −0.01046 ,
δu/αu = −51.88721 , γd/αd = 362.65478 , βd/αd = −189.08346 ,
αuvu = 0.00450 GeV, αdvd = 5.6122× 10−6 GeV .
(112)
The quark mass ratios and mixing parameters are determined to be
θq12 = 0.22736 , θ
q
13 = 0.00338 , θ
q
23 = 0.03888 , δ
q
CP/
◦ = 69.197 ,
mu/mc = 0.001928 , mc/mt = 0.002724 , md/ms = 0.050546 , ms/mb = 0.017684 .
(113)
which are compatible with experimental data at 1σ level.
6○ Model VI without gCP: 10 free real parameters including Re(τ) and Im(τ)
In this model, we assume the left-handed quarks Q transform as triplet 3 of S ′4, the right-
handed up quark fields uc, cc, tc transform as 1ˆ, 1, 1ˆ′, the the right-handed down quark
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fields dc, sc, bc transform as 1ˆ, 1ˆ′, 1ˆ of Γ′4. The modular weights of these quark superfields
are set to
kQ = 1− kuc = 2− kcc = 5− ktc = 1− kdc = 5− ksc = 5− kbc . (114)
Thus the modular invariant superpotentials for quark masses read as follows,
Wu = αuuc(QY (1)3ˆ′ )1ˆ′Hu + βucc(QY
(2)
3 )1Hu + γut
c(QY
(5)
3ˆ
)1ˆHu ,
Wd = αddc(QY (1)3ˆ′ )1ˆ′Hd + βdsc(QY
(5)
3ˆ
)1ˆHd + γd1b
c(QY
(5)
3ˆ′,I)1ˆ′Hd + γd2b
c(QY
(5)
3ˆ′,II)1ˆ′Hd .(115)
The phases of αu, βu, γu, αd, βd and γd1 can be absorbed into the quark fields while the
phase of γd2 can not be removed by field redefinition. From the CG coefficients of S
′
4 group
in Appendix A, we find the up and down quark mass matrices are given by
Mu =
αuY
(1)
1 αuY
(1)
3 αuY
(1)
2
βuY
(2)
3 βuY
(2)
5 βuY
(2)
4
γuY
(5)
3 γuY
(5)
5 γuY
(5)
4
 vu ,
Md =
 αdY
(1)
1 αdY
(1)
3 αdY
(1)
2
βdY
(5)
3 βdY
(5)
5 βdY
(5)
4
γd1Y
(5)
6 + γd2Y
(5)
9 γd1Y
(5)
8 + γd2Y
(5)
11 γd1Y
(5)
7 + γd2Y
(5)
10
 vd , (116)
We see that this model make uses of six real parameters αu,d, βu,d, γu,d1 and one complex
parameter γd2 to describe quark masses and CKM matrix. A good agreement between data
and predictions is obtained for the following values of input parameters
〈τ〉 = −0.4999 + 0.8958i , βu/αu = 62.5142 , γu/αu = 0.00104 ,
βd/αd = 0.7378 , γd1/αd = 1.4946 , γd2/αd = −0.1958− 0.2762i ,
αuvu = 0.0799 GeV, αdvd = 0.0009 GeV .
(117)
The quark mass ratios and mixing parameters are determined to be
θq12 = 0.22731 , θ
q
13 = 0.00298 , θ
q
23 = 0.04873 , δ
q
CP = 67.1762
◦ ,
mu/mc = 0.00204 , mc/mt = 0.00268 , md/ms = 0.05182 , ms/mb = 0.01309 ,
(118)
which are compatible with the experimental data in Eq. (88) except that θq23 is somewhat
larger. Notice that the top and bottom quark masses can be reproduced by adjusting the
parameters αu and αd.
7○ Model VII with gCP: 10 free real parameters including Re(τ) and Im(τ)
The left-handed quarks Q are assigned to triplet 3 of S ′4, u
c, cc and tc transform as 1, 1 and
1ˆ respectively under S ′4, down type quarks d
c, sc, bc transform as 1ˆ, 1, 1 respectively. Note
that uc and cc are distinguished by their different modular weight, and similarly for sc and
bc. We choose of the weights of quark fields to fulfill kQ = 2 − kuc = 4 − kcc = 5 − ktc =
1− kdc = 2− ksc = 6− kbc . The superpotentials of the quark sector are given by,
Wu = αuuc(QY (2)3 )1ˆHu + βucc(QY (4)3 )1Hu + γu1tc(QY (5)3ˆ′,I)1ˆ′Hu + γu2tc(QY
(5)
3ˆ′,II)1ˆ′Hu ,
Wd = αddc(QY (1)3ˆ′ )1ˆ′Hd + βdsc(QY
(2)
3 )1Hd + γd1b
c(QY
(6)
3,I )1Hd + γd2b
c(QY
(6)
3,II)1Hd ,(119)
which lead to the quark mass matrices,
Mu =
 αuY
(2)
3 αuY
(2)
5 αuY
(2)
4
βuY
(4)
4 βuY
(4)
6 βuY
(4)
5
γu1Y
(5)
6 + γu2Y
(5)
9 γu1Y
(5)
8 + γu2Y
(5)
11 γu1Y
(5)
7 + γu2Y
(5)
10
 vu ,
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Md =
 αdY
(1)
1 αdY
(1)
3 αdY
(1)
2
βdY
(2)
3 βdY
(2)
5 βdY
(2)
4
γd1Y
(6)
5 + γd2Y
(6)
8 γd1Y
(6)
7 + γd2Y
(6)
10 γd1Y
(6)
6 + γd2Y
(6)
9
 vd , (120)
The parameters αu,d, βu,d and γu1,d1 can be made real and positive by field redefinition
while γu2 and γd2 are complex. If we impose CP as symmetry on model, all couplings are
constrained to be real, and γu2 and γd2 are either positive or negative. The best fit values
of input parameters and the predictions for quark mass ratios and CKM mixing parameters
are
〈τ〉 = −0.4362 + 1.8184i , βu/αu = 9104.86 , γu1/αu = 19.7442 , γu2/αu = −19.9232 ,
βd/αd = 0.02443 , γd1/αd = 0.24788 , γd2/αd = −0.00214 ,
αuvu = 0.00009 GeV, αdvd = 0.00672 GeV ,
θq12 = 0.22736 , θ
q
13 = 0.00337 , θ
q
23 = 0.03923 , δ
q
CP = 69.15
◦ ,
mu/mc = 0.001812 , mc/mt = 0.002714 , md/ms = 0.050526 , ms/mb = 0.017687 . (121)
It is remarkable that all observables are within the 1σ experimental ranges.
8○ Model VIII with gCP: 10 free real parameters including Re(τ) and Im(τ)
This model is different from Model VII in the assignment of uc which is assigned to 1ˆ with
weight kuc = 1− kQ. Thus the superpotential in the quark sector reads as,
Wu = αuuc(QY (1)3ˆ′ )1ˆHu + βucc(QY
(4)
3 )1Hu + γu1t
c(QY
(5)
3ˆ′,I)1ˆ′Hu + γu2t
c(QY
(5)
3ˆ′,II)1ˆ′Hu ,
Wd = αddc(QY (1)3ˆ′ )1ˆ′Hd + βdsc(QY
(2)
3 )1Hd + γd1b
c(QY
(6)
3,I )1Hd + γd2b
c(QY
(6)
3,II)1Hd ,(122)
where all the couplings are enforced to be real by the generalized CP symmetry. The
resulting quark mass matrices are different from those of Eq. (96) in the first row of Mu,
Mu =
 αuY
(1)
1 αuY
(1)
3 αuY
(1)
2
βuY
(4)
4 βuY
(4)
6 βuY
(4)
5
γu1Y
(5)
6 + γu2Y
(5)
9 γu1Y
(5)
8 + γu2Y
(5)
11 γu1Y
(5)
7 + γu2Y
(5)
10
 vu ,
Md =
 αdY
(1)
1 αdY
(1)
3 αdY
(1)
2
βdY
(2)
3 βdY
(2)
5 βdY
(2)
4
γd1Y
(6)
5 + γd2Y
(6)
8 γd1Y
(6)
7 + γd2Y
(6)
10 γd1Y
(6)
6 + γd2Y
(6)
9
 vd , (123)
The numerical minimisation of the χ2 function gives the best fit point of the model,
〈τ〉 = 0.0617 + 1.5127i , βu/αu = 16.5002 , γu1/αu = 3919.03 , γu2/αu = −1945.11 ,
βd/αd = 91.1983 , γd1/αd = 0.3027 , γd2/αd = −1.997 ,
αuvu = 0.00019 GeV, αdvd = 0.00035 GeV ,
θq12 = 0.22737 , θ
q
13 = 0.00338 , θ
q
23 = 0.03889 , δ
q
CP/
◦ = 69.21 ,
mu/mc = 0.001964 , mc/mt = 0.002729 , md/ms = 0.05037 , ms/mb = 0.01767 , (124)
which are compatible with experimental data at 1σ level as well.
7 Toward quark-lepton unification
As shown in sections 5 and 6, the charged lepton masses and the neutrino oscillation
data can be explained very well in the S ′4 modular symmetry models, and the S
′
4 modular
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symmetry can also help to understand the quark mass hierarchies and CKM mixing matrix.
In this section, we shall investigate the quark-lepton unified models which can explain the
experimental data of quarks and leptons simultaneously for certain common value of modulus
τ . Such kind of models at level N = 3 has been studied [18, 21, 33, 35] in the literature. It
is generally not an easy task to construct a quark-lepton unified model. After trying many
possibilities, we find out a realistic quark-lepton unified model with small number of free
parameters, the quark sector is described by Model VIII of section 6, we extend the lepton
models by introducing higher weight modular forms, and the generalized CP symmetry in
combination with S ′4 modular symmetry is imposed to match the quark sector.
We assign the three generations of left-handed lepton doublets L and of right-handed
neutrinos N c to two triplets 3 of S ′4, while the right-handed charged leptons E
c
1, E
c
2 and E
c
3
transform as 1ˆ, 1ˆ′ and 1 respectively. We choose the modular weights of lepton fields as
kNc = 2, kL = −2, kec = 3, kµc = 5 and kτc = 6. Then the modular invariant superpotential
of the lepton sector is given by
We = αe(Ec1LY (1)3ˆ′ )1Hd + βe(Ec2LY
(3)
3ˆ
)1Hd + γe(E
c
3LY
(4)
3 )1Hd ,
Wν = g(N cL)1Hu + Λ1(N cN c)1Y (4)1 + Λ2((N cN c)2Y (4)2 )1 + Λ3((N cN c)3′Y (4)3′ )1 ,(125)
where all couplings αe, βe, γe, g1 and Λ1,2,3 are real because of the generalized CP invariance.
We can read out the lepton mass matrices as follows,
Me =
αeY
(1)
1 αeY
(1)
3 αeY
(1)
2
βµY
(3)
2 βµY
(3)
4 βµY
(3)
3
γτY
(4)
4 γτY
(4)
6 γτY
(4)
5
 vd , MD = g
1 0 00 0 1
0 1 0
 vu ,
MN =
Λ1Y
(4)
1 + 2Λ3Y
(4)
7 Λ2Y
(4)
2 − Λ3Y (4)9 Λ2Y (4)3 − Λ3Y (4)8
Λ2Y
(4)
2 − Λ3Y (4)9 Λ2Y (4)3 + 2Λ3Y (4)8 Λ1Y (4)1 − Λ3Y (4)7
Λ2Y
(4)
3 − Λ3Y (4)8 Λ1Y (4)1 − Λ3Y (4)7 Λ2Y (4)2 + 2Λ3Y (4)9
 . (126)
The up type and down type quark mass matrices are given in Eq. (106). It is notable that
the model has less free parameters than the number of observable quantities including quark
and lepton masses and mixing parameters. We perform a comprehensive numerical scan over
the parameter space, we find that good agreement with experimental data can be achieved
for the following value of τ common to quark and lepton sectors,
〈τ〉 = 0.0581 + 1.5088i , (127)
which is mainly determined by the quark masses and CKM mixing parameters. Given
this value of τ , the charged lepton masses can be reproduced by adjusting αe, βe and γe,
only three real parameters Λ2/Λ1, Λ3/Λ1 and g
2v2u/Λ1 describe the entire neutrino sector
including the three neutrino masses and the lepton mixing matrix. The best fit values of the
free parameters are found to be
βu/αu = 16.8133 , γu1/αu = 3993.01 , γu2/αu = −1981.34 , αuvu = 0.00019 GeV
βd/αd = 91.7322 , γd1/αd = 0.3093 , γd2/αd = −2.0306 , αdvd = 0.00034 GeV ,
βe/αe = 12.0121 , γe/αe = 79.5546 , αevd = 0.2065 MeV , Λ2/Λ1 = 0.9517 ,
Λ3/Λ1 = 4.6129 , g
2v2u/Λ1 = 5.999 eV . (128)
The masses and mixing parameters of quarks and leptons are predicted to be
θq12 = 0.23035 , θ
q
13 = 0.00327 , θ
q
23 = 0.03929 , δ
q
CP/
◦ = 69.58 ,
35
mu/mc = 0.001919 , mc/mt = 0.00272 , md/ms = 0.04950 , ms/mb = 0.01767 ,
sin2 θl12 = 0.3347 , sin
2 θl13 = 0.02253 , sin
2 θl23 = 0.5810 ,
δlCP = 1.118pi , α21 = 1.067pi , α31 = 1.163pi ,
m1 = 12.7458 meV , m2 = 15.3738 meV , m3 = 52.1731 meV ,∑
i
mi = 80.2927 meV , |mee| = 2.3570 meV . (129)
We see that the solar mixing angle θl12 is within the 2σ experimental region, and all other
observables fall in the 1σ ranges. The sum of neutrino masses is determined to be 80.293
meV, this is compatible with the latest bound
∑
imi < 120 meV at 95% confidence level
from Planck [72].
8 Conclusion
The homogeneous finite modular group Γ′N provides new opportunity for understanding
the flavor structure of quarks and leptons based on modular invariance. Γ′2 is identical to
Γ2 ∼= S3, Γ′N is the double covering of the inhomogeneous finite modular group ΓN for N > 2,
and ΓN is isomorphic to the quotient of Γ
′
N over its center {I,−I}, i.e., ΓN ∼= Γ′N/{I,−I}.
It is notable that texture zeros of fermion mass matrices can be naturally obtained from
Γ′N , and Γ
′
3
∼= T ′ has been studied in [23, 44]. In the present work, we have considered the
modular group Γ′4 ≡ S ′4 in the setup of modular invariance approach.
The weight 1 modular forms of level 4 are constructed in terms of the Dedekind eta
function, and they can be arranged into a triplet Y
(1)
3ˆ′ (τ) = (Y1(τ), Y2(τ), Y3(τ))
T which
transforms as 3ˆ′ of S ′4. The higher weight modular forms up to weight 6 are built from
the tensor products of Y
(1)
3ˆ′ (τ), and they are homogeneous polynomials of Y1,2,3. The odd
weight modular forms can be decomposed into the hatted representations 1ˆ, 1ˆ′, 2ˆ, 3ˆ and 3ˆ′
of S ′4 while the even weight modular forms can be organized into the other representations
1, 1′, 2, 3 and 3′ in common with S4. The results are summarized in table 1. Solving the
consistency condition, we find the generalized CP transformation corresponding to τ → −τ ∗
is Xr = ρr(S) which is a combination of the modular symmetry transformation S and the
canonical CP transformation. All couplings in the Lagrangian would be real if the generalized
CP symmetry is imposed.
We perform a systematical analysis of S ′4 modular models for lepton masses and mixing
with/without generalized CP. We assume that the left-handed leptons transform as triplet of
S ′4, and the right-handed charged leptons are assigned to singlets under S
′
4, and we consider
both the case where neutrino masses are described by the Weinberg operator and the case
where neutrino masses arise from the type I seesaw mechanism. The charged lepton mass
matrix can only take four possible forms in table 2 and the forms of the neutrino mass
matrices are summarized in table 3 if the weights of the involved modular forms are less
than 4. The charged lepton masses me, mµ and mτ are in a one-to-one correspondence
with the parameters α, β and γ which can be taken real without loosing generality. We
look for phenomenologically viable models with a minimal amount of free parameters. We
find fifteen predictive lepton models which can describe the neutrino masses, mixing angles
and CP violation phases in terms of five real parameters |g2/g1|, arg (g2/g1), Re(τ), Im(τ)
and the overall scale g21v
2
u/Λ. If generalized CP symmetry is imposed, the phase arg (g2/g1)
is restricted to be 0 or pi. Thus only four real input parameters g2/g1, Re(τ), Im(τ) and
g21v
2
u/Λ are left, and we find six out of the fifteen models can fit the charged lepton masses
and neutrino oscillation data very well, as shown in table 5. A remarkable feature of these
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models is that the light neutrino masses can be very tiny, while the neutrino masses are
typically quasi-degenerate in previous models based on ΓN modular group.
We have extended the S ′4 modular symmetry to quark sector, different possible assign-
ments (triplet, the direct sum of a doublet and a singlet, or the direct sum of three singlets)
of the quark fields under S ′4 are considered. Because of the rich structure of the S
′
4 modular
group, we find many models can accommodate the observed patterns of quark masses and
CKM mixing matrix. For illustration, we select eight benchmark models in which all the best
fit values of observables fall in the 1σ experimental ranges. It is notable that the hierarchical
quark masses, quark mixing angles and CP violation phase can even be described very well
by models with only nine real parameters including real and imaginary parts of the modulus
τ . Note that models at level 3 achieve this with ten [33] or more free parameters [18,21,35].
Finally we present a quark-lepton unified model which can explain the masses and mixing
of quarks and leptons simultaneously for a common value of the complex modulus τ . The
value of τ is mainly fixed by the precisely measured quark masses and mixing, then the
entire neutrino sector including the three neutrino masses as well as the lepton mixing
matrix only depends on three real parameters Λ2/Λ1, Λ3/Λ1 and g
2v2u/Λ1. We summarize
that S ′4 modular symmetry is a promising framework to understand the flavor structure of
quarks and leptons.
Note added: During the final preparations of this work, a paper [74] dealing with the
same topic appeared on the arXiv. We use different representation basis of S ′4, the Clebsch-
Gordan coefficients in our basis is simpler, and this basis is convenient to classify the S ′4
modular models. Modular forms of level N = 4 up to weight 6 are constructed in this work,
and higher weight modular forms until weight 10 are given in [74]. The authors of [74]
present one Weinberg operator model and one type I seesaw model, and the right-handed
charged leptons Ec are assigned to a triplet of S ′4 in [74]. We perform a systematical classifi-
cation of modular S ′4 symmetry models for leptons with/without generalized CP symmetry,
Ec are assumed to transform as singlets under S ′4 in this work. We also apply the S
′
4 mod-
ular symmetry to the quark sector, and construct a quark-lepton unified model. Our work
significantly extends the model construction of [74].
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Appendix
A Group theory of S ′4
The double covering group of S4 has 48 elements, and it can be generated by three
generators S, T and R satisfying the multiplication rules:
S2 = R, T 4 = (ST )3 = 1, R2 = 1, RT = TR . (A.1)
After we input these multiplication rules in GAP [75], its group ID can be determined as
[48, 30]. Notice that S4 is not a subgroup of S
′
4, it is isomorphic to the quotient group of S
′
4
over ZR2 , i.e. S4
∼= S ′4/ZR2 , where ZR2 = {1, R} is a normal subgroup of S ′4. All the elements
of S ′4 group can be divided into 10 conjugacy classes:
1C1 = {1} ,
1C2 = {R} = (1C1) ·R ,
3C2 =
{
T 2, ST 2S3, (ST 2)2
}
,
3C ′2 =
{
T 2R, ST 2S3R, (ST 2)2R
}
= (3C2) ·R ,
8C3 =
{
ST, TS, (ST )2, (TS)2, TS3T 2, T 2ST 3, T 2S3T, T 3ST 2
}
,
6C4 =
{
S, TST 3, T 2ST 2, T 3ST, TST 2S3, ST 2S3T
}
,
6C ′4 =
{
T, ST 2, T 2S, T 3S2, TST, STS3
}
,
6C ′′4 =
{
SR, TST 3R, T 2ST 2R, T 3STR, TST 2S3R, ST 2S3TR
}
= (6C4) ·R ,
6C ′′′4 =
{
TR, ST 2R, T 2SR, T 3S2R, TSTR, STS3R
}
= (6C ′4) ·R ,
8C6 =
{
STR, TSR, (ST )2R, (TS)2R, TS3T 2R, T 2ST 3R,
T 2S3TR, T 3ST 2R
}
= (8C3) ·R , (A.2)
where kCn denotes a conjugacy class with k elements of order n. Note that one half of these
conjugacy classes can be written as the product of the other half with R. There are four
one-dimensional irreducible representations 1,1′, 1ˆ and 1ˆ′, two two-dimensional irreducible
representations 2 and 2ˆ, and four three-dimensional irreducible representations 3,3′, 3ˆ and
3ˆ′. We have summarized the explicit matrix representations in table 7. In the representations
1, 1′, 2, 3 and 3′, the generator R = 1 is identity matrix, the representation matrices of
S and T coincide with those of S4 [29], consequently S
′
4 can not be distinguished from S4
in these representations since they are represented by the same set of matrices. In the
representations 1ˆ, 1ˆ′, 2ˆ, 3ˆ and 3ˆ′, the generator R = −1. The character table of S ′4 can
be obtained directly as shown in table 8. Moreover, the Kronecker products between all
irreducible representations are given as follows:
1⊗ 1 = 1′ ⊗ 1′ = 1ˆ⊗ 1ˆ′ = 1, 1⊗ 1ˆ = 1′ ⊗ 1ˆ′ = 1ˆ,
1⊗ 1′ = 1ˆ⊗ 1ˆ = 1ˆ′ ⊗ 1ˆ′ = 1′, 1⊗ 1ˆ′ = 1′ ⊗ 1ˆ = 1ˆ′,
1⊗ 2 = 1′ ⊗ 2 = 1ˆ⊗ 2ˆ = 1ˆ′ ⊗ 2ˆ = 2, 1⊗ 2ˆ = 1′ ⊗ 2ˆ = 1ˆ⊗ 2 = 1ˆ′ ⊗ 2 = 2ˆ,
1⊗ 3 = 1′ ⊗ 3′ = 1ˆ⊗ 3ˆ′ = 1ˆ′ ⊗ 3ˆ = 3, 1⊗ 3ˆ = 1′ ⊗ 3ˆ′ = 1ˆ⊗ 3 = 1ˆ′ ⊗ 3′ = 3ˆ,
1⊗ 3′ = 1′ ⊗ 3 = 1ˆ⊗ 3ˆ = 1ˆ′ ⊗ 3ˆ′ = 3′, 1⊗ 3ˆ′ = 1′ ⊗ 3ˆ = 1ˆ⊗ 3′ = 1ˆ′ ⊗ 3 = 3ˆ′,
2⊗ 2 = 2ˆ⊗ 2ˆ = 1⊕ 1′ ⊕ 2, 2⊗ 2ˆ = 1ˆ⊕ 1ˆ′ ⊕ 2ˆ,
2⊗ 3 = 2⊗ 3′ = 2ˆ⊗ 3ˆ = 2ˆ⊗ 3ˆ′ = 3⊕ 3′, 2⊗ 3ˆ = 2⊗ 3ˆ′ = 2ˆ⊗ 3 = 2ˆ⊗ 3′ = 3ˆ⊕ 3ˆ′,
3⊗ 3 = 3′ ⊗ 3′ = 3ˆ⊗ 3ˆ′ = 1⊕ 2⊕ 3⊕ 3′, 3⊗ 3ˆ = 3′ ⊗ 3ˆ′ = 1ˆ⊕ 2ˆ⊕ 3ˆ⊕ 3ˆ′,
3⊗ 3′ = 3ˆ⊗ 3ˆ = 3ˆ′ ⊗ 3ˆ′ = 1′ ⊕ 2⊕ 3⊕ 3′, 3⊗ 3ˆ′ = 3′ ⊗ 3ˆ = 1ˆ′ ⊕ 2ˆ⊕ 3ˆ⊕ 3ˆ′. (A.3)
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S T R
1,1′ ±1 ±1 1
1ˆ, 1ˆ′ ±i ∓i −1
2
(
0 1
1 0
) (
0 ω2
ω 0
) (
1 0
0 1
)
2ˆ i
(
0 1
1 0
)
−i
(
0 ω2
ω 0
)
−
(
1 0
0 1
)
3,3′ ±1
3
 1 −2 −2−2 −2 1
−2 1 −2
 ±1
3
 1 −2ω2 −2ω−2 −2ω2 ω
−2 ω2 −2ω
 1 0 00 1 0
0 0 1

3ˆ, 3ˆ′ ± i
3
 1 −2 −2−2 −2 1
−2 1 −2
 ∓ i
3
 1 −2ω2 −2ω−2 −2ω2 ω
−2 ω2 −2ω
 −
1 0 00 1 0
0 0 1

Table 7: The representation matrices of the generators S, T and R in the irreducible representations of S′4
in our working basis, where ω = e2pii/3.
Classes 1C1 1C2 3C2 3C
′
2 8C3 6C4 6C
′
4 6C
′′
4 6C
′′′
4 8C6
G 1 R T 2 T 2R ST S T SR TR STR
1 1 1 1 1 1 1 1 1 1 1
1′ 1 1 1 1 1 −1 −1 −1 −1 1
1ˆ 1 −1 −1 1 1 i −i −i i −1
1ˆ′ 1 −1 −1 1 1 −i i i −i −1
2 2 2 2 2 −1 0 0 0 0 −1
2ˆ 2 −2 −2 2 −1 0 0 0 0 1
3 3 3 −1 −1 0 −1 1 −1 1 0
3′ 3 3 −1 −1 0 1 −1 1 −1 0
3ˆ 3 −3 1 −1 0 −i −i i i 0
3ˆ′ 3 −3 1 −1 0 i i −i −i 0
Table 8: Character table of S′4, the representative element of each conjugacy class is given in the second row.
Corresponding to the above direct product rule, we give the Clebsch-Gordan (CG) coef-
ficients of S ′4 one by one in our working basis. All CG coefficients can be expressed in the
form of α ⊗ β, we use αi(βi) to denote the component of the left (right) basis vector α(β).
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For direct products involving singlet 1ˆ
( )(′)
, their CG coefficients are as follows
1ˆ
( )(′) ⊗ 2ˆ( ) → 2ˆ( )

p = even
p = odd
1⊗ 2→ 2
1ˆ′ ⊗ 2ˆ→ 2
1⊗ 2ˆ→ 2ˆ
1ˆ⊗ 2→ 2ˆ
1′ ⊗ 2→ 2
1ˆ⊗ 2ˆ→ 2
1′ ⊗ 2ˆ→ 2ˆ
1ˆ′ ⊗ 2→ 2ˆ

2ˆ
( ) ∼ α
(
(−1)pβ1
β2
)
1ˆ
( )(′) ⊗ 3ˆ( )(′) → 3ˆ( )(′)

p = even
1⊗ 3→ 3
1′ ⊗ 3′ → 3
1ˆ⊗ 3ˆ′ → 3
1ˆ′ ⊗ 3ˆ→ 3
1⊗ 3′ → 3′
1′ ⊗ 3→ 3′
1ˆ⊗ 3ˆ→ 3′
1ˆ′ ⊗ 3ˆ′ → 3′
1⊗ 3ˆ→ 3ˆ
1′ ⊗ 3ˆ′ → 3ˆ
1ˆ⊗ 3→ 3ˆ
1ˆ′ ⊗ 3′ → 3ˆ
1⊗ 3ˆ′ → 3ˆ′
1′ ⊗ 3ˆ→ 3ˆ′
1ˆ⊗ 3′ → 3ˆ′
1ˆ′ ⊗ 3→ 3ˆ′

3ˆ
( )(′) ∼ α
β1β2
β3

where we have introduced the notation p to distinguish between different products, it makes
the results more compact. The CG coefficients for the direct product involving doublet 2ˆ
( )
are as follows
2ˆ
( )⊗ 2ˆ( ) → 1ˆ( )⊕ 1ˆ( )′ ⊕ 2ˆ( )

p = even
p = odd
2⊗ 2→ 1⊕ 1′ ⊕ 2
2⊗ 2ˆ→ 1ˆ⊕ 1ˆ′ ⊕ 2ˆ
2ˆ⊗ 2ˆ→ 1⊕ 1′ ⊕ 2

1ˆ
( ) ∼ α1β2 + (−1)pα2β1
1ˆ
( )′ ∼ α1β2 − (−1)pα2β1
2ˆ
( ) ∼
(
α2β2
(−1)pα1β1
)
2ˆ
( )⊗ 3ˆ( )(′) → 3ˆ( )⊕ 3ˆ( )′

p = even
p = odd
2⊗ 3→ 3⊕ 3′
2ˆ⊗ 3ˆ′ → 3⊕ 3′
2⊗ 3ˆ→ 3ˆ⊕ 3ˆ′
2ˆ⊗ 3→ 3ˆ⊕ 3ˆ′
2⊗ 3′ → 3⊕ 3′
2ˆ⊗ 3ˆ→ 3⊕ 3′
2⊗ 3ˆ′ → 3ˆ⊕ 3ˆ′
2ˆ⊗ 3′ → 3ˆ⊕ 3ˆ′

3ˆ
( ) ∼
α2β3 + (−1)pα1β2α2β1 + (−1)pα1β3
α2β2 + (−1)pα1β1

3ˆ
( )′ ∼
α2β3 − (−1)pα1β2α2β1 − (−1)pα1β3
α2β2 − (−1)pα1β1

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The last case involves the direct product of 3ˆ
( )(′)⊗ 3ˆ( )(′), the CG coefficients are given as follows
3ˆ
( )(′) ⊗ 3ˆ( )(′) →
1ˆ
( )(′) ⊕ 2ˆ( )⊕ 3ˆ( )⊕ 3ˆ( )′

p = even
p = odd
3⊗ 3→ 1⊕ 2⊕ 3⊕ 3′
3′ ⊗ 3′ → 1⊕ 2⊕ 3⊕ 3′
3ˆ⊗ 3ˆ′ → 1⊕ 2⊕ 3⊕ 3′
3⊗ 3ˆ→ 1ˆ⊕ 2ˆ⊕ 3ˆ⊕ 3ˆ′
3′ ⊗ 3ˆ′ → 1ˆ⊕ 2ˆ⊕ 3ˆ⊕ 3ˆ′
3⊗ 3′ → 1′ ⊕ 2⊕ 3⊕ 3′
3ˆ⊗ 3ˆ→ 1′ ⊕ 2⊕ 3⊕ 3′
3ˆ′ ⊗ 3ˆ′ → 1′ ⊕ 2⊕ 3⊕ 3′
3⊗ 3ˆ′ → 1ˆ′ ⊕ 2ˆ⊕ 3ˆ⊕ 3ˆ′
3′ ⊗ 3ˆ→ 1ˆ′ ⊕ 2ˆ⊕ 3ˆ⊕ 3ˆ′

1ˆ
( )(′) ∼ α1β1 + α2β3 + α3β2
2ˆ
( ) ∼
(
(−1)p(α1β3 + α2β2 + α3β1)
α1β2 + α2β1 + α3β3
)
3ˆ
( ) ∼
α1β1 − α2β3 + (−1)p(α3β2 − α1β1)α3β3 − α1β2 + (−1)p(α2β1 − α3β3)
α2β2 − α3β1 + (−1)p(α1β3 − α2β2)

3ˆ
( )′ ∼
α1β1 − α2β3 − (−1)p(α3β2 − α1β1)α3β3 − α1β2 − (−1)p(α2β1 − α3β3)
α2β2 − α3β1 − (−1)p(α1β3 − α2β2)

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